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Abstract

This thesis is about mixed Hodge structures. Those are associated with a de-
composition Hk (X,C) ∼=

⊕
k;p,qH

k,p,q (X,C) of the graded cohomology ring, that
generalizes the Hodge decomposition. We are interested in obtaining

µX (t, u, v) :=
∑
k,p,q

hk,p,q (X) tkupvq,

where hk,p,q (X) = dimCH
k,p,q (X,C). One usually denotes this polynomial by mixed

Hodge polynomial (MHP), that generalizes the classical Poincaré polynomial.
Lately, a lot of work has been done on mixed Hodge structures of character

varieties ([HRV, LMN, LMu]). In this work we calculate the MHP of some free
abelian character varieties. Given a complex reductive algebraic group G, the free
abelian character variety of G is given by the G.I.T. quotient

MZr (G) := Hom(Zr, G)//G

associated with identifying those representations that are conjugate. We focus on
those complex reductive algebraic groups for which the irreducible component of the
identity can be characterized by the algebraic isomorphism

M0
Zr (G) ∼= T rG/WG,

where T rG/WG is the diagonal quotient associated to the action of the Weyl group
on the maximal torus of G. For such reductive groups we obtain a description up
to knowledge on the induced action WG y H1 (TG,C),

µM0
ZrG

(t, u, v) =
1

|W |
∑
g∈W

[det (I + tuv Ag)]
r ,(0.0.1)

where Ag is the automorphism of H1(T,C) given by the action of g ∈ W .1

For the classical Lie groups G = GL (n,C), SL (n,C) and Sp (n,C) the above
result applies and the character variety MZrG is irreducible ([FL2]). We use this
description to obtain a more precise one for for these groups, better suited for com-
puter applications.

Finally, we end this thesis by providing the MHP of symmetric products of com-
plex connected linear algebraic groups, by contrasting the strategy forMZrGL (n,C)
with some simple facts of representation theory.

Keywords: Mixed Hodge structures, free abelian character variety, Dolbeault
moduli space, equivariant cohomology, symmetric products, complex linear algebraic
groups.

1As mentioned above, the Poincaré polynomial is a specification of the MHP. We would like to
thank S. Lawton for calling our attention to the recent preprint [St], where the Poincaré polynomial
of analogous spaces for compact Lie groups is computed by quite different methods.



Resumo

Esta tese é sobre estruturas de Hodge mistas. Estas estruturas estão associ-
adas com uma bi-decomposição do anel graduado de cohomologia Hk (X,C) ∼=⊕

k;p,qH
k,p,q (X,C) que generaliza a decomposição de Hodge. Se X for uma var-

iedade complexa quasi-projetiva, nós estamos interessado em obter

µX (t, u, v) :=
∑
k,p,q

hk,p,q (X) tkupvq,

em que hk,p,q (X) = dimCH
k,p,q (X,C). Este polinómio é denominado polinómio de

Hodge misto (PHM) , sendo uma generalização do polinómio de Poincaré.
Ultimamente, muitos trabalhos têm sido publicados em estruturas de Hodge

mistas de variedades de caracteres ([HRV, LMN, LMu]). Neste trabalho, nós
calculamos o PHM de algumas variedades de caracteres livres e abelianas. Dado um
grupo algébrico complexo redutivo G, a variedade de caracteres livre e abeliana de
G é dada pelo quociente G.I.T.

MZr (G) := Hom(Zr, G)//G

associado com a identificação de caracteres que são conjugados. Nós focamo-nos nos
grupos para os quais a descrição algébrica da componente irredut́ıvel da identidade

M0
Zr (G) ∼= T rG/WG

se aplica, sendo T rG/WG o quociente diagonal associado à ação do grupo de Weyl no
torus maximal de G. Para estes grupos, é obtida uma descrição dependente da ação
induzida WG y H1 (TG,C),

µM0
ZrG

(t, u, v) =
1

|W |
∑
g∈W

[det (I + tuv Ag)]
r ,(0.0.2)

em que Ag é a matriz do automorfismo de H1(T,C) dado pela ação de g ∈ W .2

Para os grupos de Lie G = GL (n,C), SL (n,C) e Sp (n,C) o resultado acima
aplica-se e a variedade de caracteres livre e abeliana MZrG é irredut́ıvel ([FL2]).
Para estes grupos, esta descrição é depois usada para obter uma fórmula mais precisa
de µMZrG (t, x), melhor adaptada para aplicações computacionais.

Finalmente, esta tese termina dando uma fórmula para os PHM de produtos
simétricos de grupos lineares algébricos, complexos e conexos, contrastando a es-
tratégia para MZrG com alguns factos simples de teoria de representação.

Palavras-chave: Estruturas de Hodge mistas, variedade de caracteres livre e
abeliana, espaço moduli de Dolbeault, cohomologia equivariante, produtos simétri-
cos, grupos algébricos lineares e complexos.

2Como é mencionado acima, o polinómio de Poincaré é uma especificação do PHM. Eu gostaria
de agradecer ao S. Lawton por me ter chamado à atenção da recente pré-publicação [St], em que o
polinómio de Poincaré de espaços análogos para grupos de Lie compactos é calculado por métodos
bastante diferentes.



Acknowledgements

First and most of all, I would like to thank my advisor Carlos Florentino. It was
a big pleasure to be able to work with with. Without his motivation, inspiration and
comprehension this work would not have been possible. I have a special thanks to my
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Superior Técnico. Especialmente, gostava de agradecer à Lucinda Lima, António
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Index of Notations

(1) Gy X - group G acting on X
(2) ∆γ - Laplacian of the differential operator γ (Chapter 1, Section 1)
(3) Ω∗M - sheaf of differential forms on M
(4) bk - Betti number of degree k
(5) Ω∗X (logD) - sheaf of forms with logarithmic singularities along D , Defini-

tion 1.1.11
(6) PkC - complex projective k-space
(7) H∗ (X,F∗) - hypercohomology of X with values in the complex F∗, Appen-

dix A, Definition A.0.3
(8)

(
K≥p

)∗
- naive filtration on the complex K∗, Definition 1.2.4

(9) WE
p,q
r - weight spectral sequence, Definition 1.1.15

(10) GrW∗ , Gr∗W - graded ring associated to, respectively, an increasing and a
decreasing filtrations

(11) Hk;p,q (X,C) - mixed Hodge component of X with degree k and weights
p, q, Definition 2.1.1

(12) hk;p,q - mixed Hodge number with degree k and weights p, q, Definition 2.1.3
(13) µX (t, u, v) , µX (t, x) - mixed Hodge polynomial for a, respectively, non-

balanced and balanced variety, Definition 2.1.3
(14) EX (u, v) , EX (x) - E-polynomial for a, respectively, non-balanced and bal-

anced variety
(15) PX (t) - Poincaré polynomial of X
(16) Hk;p,q

c , hk;p,q
c , µcX , E

c
X , P

c
X - previous notations for the compactly supported

cohomology
(17) χM - Euler characteristic of M
(18)

∐
- disjoint union

(19) H∗G (X,Q) - G-equivariant cohomology
(20) H∗ (Z,C) - system of local coefficients associated to a fibration Z ↪→ E →

B, Definition 4.1.7
(21) MG- given a G action on a module M , this stands for its equivariant part
(22) PG

X , µ
G
X , E

G
X - respectively, equivariant Poincaré, mixed Hodge and E poly-

nomials related to an action Gy X, Definitions 5.1.1 and 5.2.1
(23) χρ - character of the representation ρ
(24) |X| - cardinality of the set X
(25) [M ]G - G-module M
(26) X//G - GIT (geometric invariant theory) quotient
(27) MrG - free abelian of rank r G-character variety
(28) SymkX - k-symmetric power of X, Definition 6.1.6

(29)
∧
V - for V a complex vector space, this denotes the space

⊕
k

∧k V
(30) TG,WG - respectively, maximal torus and Weyl group of a Lie group G
(31) Pn - set of partitions of n
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(32) n, cn - partition of n and respective cardinality of its conjugation class in
Sn

(33) Σ (n) , Cn - Weyl group of Sp (n,C) and its conjugation classes
(34) Ck - for k = (k1, · · · , kn), this stands for the conjugation classes of Sp (n,C)

obtained by gluing ki cycles of length i
(35) CG - character table of finite group G
(36) ^ - cup product in cohomology
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Introduction



This thesis concerns the study of mixed Hodge structures on the usual cohomol-
ogy of complex quasi-projective varieties. The theory of mixed Hodge structures
can be seen as arising from two fields:

(1) as a generalization of Hodge theory on the cohomology of smooth complex
projective varieties to the cohomology of quasi-projective varieties - not
necessarily compact or smooth;

(2) as a theory inspired by the study of the arithmetic of smooth projective
varieties over finite fields.

Indeed, historically one can say that the theory of mixed Hodge structures introduced
by Deligne was part of the “brigde” developed between the two theories to handle
the Weil conjectures. These connections with arithmetic geometry can be referred
as a first application of this theory, as they can be used in some cases to calculate
the cardinalities of varieties over finite fields. Among the most relevant applications,
is the study of monodromy of families of smoth projective varieties, and as a method
to construct invariants that can, at least in some cases, be successfully applied to
the study of the cohomology of non-smooth complex varieties.

In this thesis, we mainly focused on techniques to calculate mixed Hodge struc-
tures on some specific cases: inspired by a calculation of the mixed Hodge structure
of the free abelian character variety of complex reductive groups, we developed
several techniques to handle the calculations of mixed Hodge structures of finite
quotients.

From number theory to complex geometry

The Weil conjectures were inspired by a very natural and straightforward ques-
tion: considering a finite field Fq = Fpn , for some prime p, and some polynomial
equations, what is the cardinality of the set of common solutions in Fq? In a more
modern terminology that broadens the question, if X (Fq) is an algebraic variety
over Fq, what is the cardinality of its closed points? By considering field extensions
Fq ↪→ Fqr , one can reduce equations to obtain a variety over the extension X (Fqr),
and the previous question admits the following generalization: what are the cardi-
nalities of X (Fqr) and how do they change with r? It was the study of this question
on abelian varieties and curves3 that inspired André Weil to the development of his
famous conjectures. Adopting a usual strategy in the study of combinatorics, Weil
considered the generating series of these numbers

Z (X (Fq) , t) := exp

(∑
r≥1

tr

r
|X (Fqr)|

)
,

called it the Zeta function of X over Fq due to a parallelism with the more (in)famous
Zeta function. The Weil conjectures concern the behavior of these functions for
connected smooth projective varieties4 over finite fields, namely if one fixes X (Fq)
as one such variety of dimension n, they consist of:

3The Weil conjectures in the generality presented here were introduced by Weil in [Wei], but
by 1923 in his PhD thesis E. Artin had already introduced the Zeta function and conjectured the
“local Riemann hypothesis” for certain curves.

4The smooth and projective conditions are technical ones, that assures us if X (Fq) is a good
reduction mod p of a complex variety, this is also smooth and projective. Also, the projective
condition can be seen as adding some points “at infinity”, this way obtaining a compactification by
enlarging our variety only slightly.



(1) the Zeta function is a rational function on t, Z (X (Fq) , t) ∈ Q (t), that may
be written as

Z (X (Fq) , t) =
P1 (t) · · ·P2n−1 (t)

P0 (t) · · ·P2n (t)

where the polynomials in this quotient are of the form

Pi (t) =

bi∏
j=1

(1− αi,jt) ,

such that the reciprocal roots αi,j ∈ Q are algebraic integers;
(2) the so called “Riemann hypothesis for varieties over finite fields”, or “local

Riemann hypothesis”, states the polynomials Pi (t) have integer coefficients and their
reciprocal roots αi,j ∈ Q are algebraic integers which satisfy ‖αi,j‖ = qi/2 - to see
an algebraic integer as a complex number depends on a choice, so by this we mean
that the image of αi,j by any embedding Q ↪→ C has norm qi/2;

(3) If X is a good “reduction mod p” of a non-singular projective variety Y
defined over a number field embedded in the field of complex numbers, then the
degree of Pi (t) is the i-th Betti number of the space of complex points of Y .

(4) the map α 7→ qn

α
carries the αi,j bijectively to the α2n−i,j. Equivalently, the

Zeta function satisfies the functional equation

Z

(
X (Fq) ,

1

pnt

)
= ±tχZ (X (Fq) , t) ;

where χ =
∑

k (−1)k degPk. So if X is a good reduction mod p of a complex
manifold, it would follow from the previous point that this is the Euler characteristic
of X (C);

It seemed that A. Weil, or at least A. Grothendieck (see [Kat]), believed these
conjectures could be handled by introducing a cohomology theory for varieties over
finite fields. They believed such theory would behave as the usual rational cohomol-
ogy of a complex manifold. So, if X (Fq) is a good reduction mod p of a smooth
complex projective variety X (C), point (1) above could be seen as a consequence
of the Lefschetz fixed point theorem for the Frobenius map on X (Fq)5. From it,
(3) would also follow and so point (4) would be nothing but Poincaré duality stated
on compact manifolds. These conjectures and their pursue were a mark on the his-
tory of algebraic geometry of the XXth century. Among other developments, they
led to the formalization of the notion of abstract algebraic variety (Weil, [Wei])
and to theory of schemes (Grothendieck, [Gro3]), together with the formalization
it provided to the study of cohomology of algebraic varieties. By the mid 60s, Artin
and Grothendieck had developed the theory of l-adic cohomology ([Gro2]) - one
cohomology theory for each prime number l, with coefficients in the field of l-adic
numbers Ql - that made most of Weil’s hopes concrete. By themselves, these theories
led to the proofs of points (1), (3) and (4) above. 6

5Assume X (Fpr ) is a projective variety given by the common solutions of some homogeneous

polynomials in (Fpr )
n
. On the vector space

(
Fp

)n
over the algebraic completion, the Frobenius

map is the endomorphism φ described by (x1, · · · , xn) 7→ (xp1, · · · , xpn). This map permutes the
solutions to homogeneous equations, and since (Fpr )

n
is the set of fixed points of φr, it induces an

a morphism X (Fpr )→ X (Fpr ). This is the Frobenius map to which we refer.
6Although rationality was proved before this by Dwork, using a different approach that con-

sidered p-adic analysis.

3



Most relevant for this thesis is the local version of the Riemann hypothesis -
point (2) above. This was the last of the conjectures to be proved, somewhat later
by Deligne (see [Del]). This was due to l-adic cohomology seemingly being insuffi-
cient to solve it, one of the problems being that it could not be used to deduce that
the αi,j were algebraic numbers. Deligne’s proof was quite an impressive achieve-
ment7, for which he was granted the Fields medal, but most important for us is
what it inspired. As was sketched above, most of the Weil conjectures seemed
to follow from ’simplifying’ this problem by mirroring its ’complex version’. But
Grothendieck predicted something reverse would also happen - the Weil conjectures
and their proofs would have striking implications on complex algebraic geometry.
This was indeed the case, and the main theme in this thesis, mixed Hodge structures
on the cohomology of complex quasi-projective varieties, is an important example
of such applications. In part, this was predicted on a letter of Grothendieck to Falt-
ings, where he refers to a “yoga of weights”, on which Deligne “...seems to me to be
the person who is most fluent in it”. Succinctly, the idea behind Deligne’s construc-
tion seemed to be based on a belief that any algebraic geometry situation over the
complex field could be realized over a sub-ring Z of C that is a finitely generated
Z-module. Then reducing modulo a maximal ideal m of Z, we have a corresponding
Frobenius endomorphism of the associated variety over the finite field Zm. The in-
duced action on the l-adic cohomology by this map could also be realized over the
complex cohomology of the initial variety. This Frobenius map would endow the
rational cohomology of the complex variety with a descending filtration, the weight
filtration. On the other hand, another filtration induces a pure Hodge structure of
the correct weight on each of those pieces, the Hodge filtration for quasi-projective
varieties, that generalizes the Hodge filtration for smooth projective varieties.8 This
theory could be seen as a generalization of Hodge theory for open varieties, as well as
“...a far-reaching generalization of the classical theory of ’differentials of the second
kind”’ (see [Kat])9.

On mixed Hodge structures...

Given a complex quasi-projective variety X, the mixed Hodge structure on its
cohomology ring H∗ (X,Q) is given by two filtrations: an ascending filtration, the
weight filtration, of the form

0 = W−1 ⊆ . . . ⊆ W 2k = Hk (X,Q) ,

and a descending filtration on its complexification, the Hodge filtration, of the form

Hk(X,C) = F0 ⊇ F1 ⊇ . . . ⊇ Fk+1 = 0

7Grothendieck seemed to have a totally different proof in mind, that would follow from a theory
of ’motifs’ and the standard conjectures. The fact that Deligne managed to prove it without having
to deal with these considerations in the degree of generality that Grothendieck intended was not
expected, and apparently, using the words of N. Katz, “Deligne’s proof of this is simply spectacular;
no other word will do.”

8This seemed to be the idea on Deligne’s mind, but the actual construction for the smooth
case was done by a comparison study through spectral sequences of the cohomology of a smooth
quasi-projective variety and its Hironaka compactification. Later on, Deligne generalized this result
to the cohomology of any quasi-projective variety. We overview the construction for the smooth
case in chapter 1, and in chapter 2 explore its properties for any complex quasi-projective variety.

9The work of Deligne on this idea of “weights” does not end here. To give another important
example, Deligne was able to generalize the Hard Lefschetz Theorem to varieties over finite fields,
this way showing one of the standard conjectures.

4



satisfying a compatibility condition: the Hodge filtration induces a pure Hodge
structure on GrWC

p+qH
k(X,C) of weight p+ q. This way we have a decomposition of

each degree of the cohomology ring

Hk(X,C) =
⊕
p,q

GrpFGr
WC
p+qH

k(X,C)

satisfying GrpFGr
WC
p+qH

k(X,C) = GrqFGr
WC
p+qH

k(X,C) . We will use the standard
notation

Hk;p,q (X,C) := GrpFGr
WC
p+qH

k(X,C)

for the graded pieces of the weight filtration, and define the Hodge numbers as its
dimensions

hk;p,q := dimCGr
p
FGr

WC
p+qH

k(X,C).

We adopt the usual strategy of codifying these numbers in a polynomial

µX (t, u, v) :=
∑
k,p,q

hk;p,qtkupvq,

called mixed Hodge polynomial (MHP) of X. Also important is the E-polynomial,
a specification of the MHP at t = −1

EX (u, v) :=
∑
k,p,q

(−1)k hk;p,qupvq

that in many instances mirrors the simplification one obtains in replacing the calcu-
lation of the Poincaré polynomial by the Euler characteristic. The theory of mixed
Hodge structures provided a wide set of new applications, from arithmetic to com-
plex geometry. Just to mention some,

(1) on arithmetic problems, namely counting points of varieties over finite fields;
(2) the variation of Hodge structures in families of smooth projective varieties

was studied by P. Griffiths, leading to the theory of variations of Hodge
structures. With the introduction of mixed Hodge structures, this theory
could be generalized to variations of mixed Hodge structures, enriching
the study done by P. Griffiths to other types of families and leading to a
generalization of both these notions to mixed Hodge modules;

(3) as an indispensable tool in the study of singular varieties.

The point (1) above is exemplified by the Katz Theorem (Theorem 2.2.14), and
it applies for complex varieties on which the mixed Hodge structure is diagonal
- meaning the only non-trivial Hodge numbers are of the form hk,p,p. This is an
important definition, being satisfied for several important examples, such as complex
redutive Lie groups or toric varieties. Notice this definition is equivalent to the
mixed Hode polynomial being a polynomial on t and the product uv, so in these
cases usually one adopts the change of variables x = uv.

This work is an example of application as in (3). We characterize the mixed
Hodge structure of some character varieties with singularities of orbifold type, that
we describe in the next section.

5



...of character varieties

Given a reductive complex algebraic group G and a finitely presented group Γ,
one can form the space of Γ representations in G:

Hom (Γ, G) := {g : Γ→ G| g is a homomorphism} .
This is an affine algebraic set, the relations depending on those of Γ, so it may codify
important information on G. To give two examples, if Γ is a free group on n letters,
this space is naturally isomorphic to Gn, and if Γ is a free abelian group of rank r,
this space is the set of r-tuples of commuting elements in G.

Our interest is to study these spaces up to conjugation. Since this quotient
Hom (Γ, G) / ∼ is not usually even an Hausdorff space, a customary strategy is to
replace it by the geometric invariant theory (G.I.T.) quotient

MΓ (G) := Hom(Γ, G)//G

that roughly identifies orbits whose closures intersect. This quotient is usually de-
noted the G-Character Variety of Γ, and it codifies some important geometrical
information. An important example is when Γ is the fundamental group of a Kähler
manifold. In this case these spaces are homeomorphic to moduli spaces of G-Higgs
bundles via the non-abelian Hodge correspondence (see, for example, [Hi],[Si]), and
have found interesting connections to important problems in Mathematical-Physics
such as mirror symmetry and the electro-magnetic duality interpretation of the geo-
metric Langlands correspondence [KW].

Lately, the mixed Hodge structures on the cohomology of character varieties
has been a theme of great interest. Specifically, there were some deep conjectures
introduced in [HRV] about the E-polynomial of some twisted character varieties,
namely

{A1, B1, · · · , Ag, Bg ∈ GL (n,C) | [A1, B1] · · · [Ag, Bg] = ξnIn} //GL (n,C)

where In is the identity n×n matrix, [, ] is the commutator and ξn, the twist factor, a
primitive n-root of the identity. In this paper, mainly arithmetic considerations are
used, a key tool being the Theorem provided by Katz in its Appendix. This result
connects the problems of calculating the E-polynomial for the compactly supported
cohomology to the one of counting points over finite fields in a very precise fashion
(Theorem 2.2.14).

More recently, some new techniques of geometric rather than arithmetic nature
were introduced to deal with these problems. As mentioned earlier, the specification
of the mixed Hodge polynomial to the E-polynomial mirrors some of the properties of
the Euler characteristic. Namely, its compact supported version is additive for locally
closed stratifications and multiplicative for fibrations with trivial monodromuy. To
give some examples, we refer two papers that are most relevant for this work. Firstly
[LMN], where many of these techniques were introduced to deal with the calculation
of the E-polynomial of the SL (n,C) version of the twisted character variety above:

{A1, B1, · · · , Ag, Bg ∈ SL (n,C) | [A1, B1] · · · [Ag, Bg] = ξnIn} //SL (n,C) .

Secondly, [LMu] where the E-polynomial of the SL (3,C)-character variety of the
free group in an arbitrary finite number of letters is calculated. In particular, this is
done by generalizing the equivariant study done in [LMN] for the symmetric group
in two letters to any finite algebraic group.

The main object of focus in this thesis is the abelian free character variety of
complex reductive Lie groups, specially GL (n,C), SL (n,C) and Sp (n,C). These
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are character varieties as above, where the group Γ is just Zr, for some r ∈ N. For
convenience, we will adopt the simplification

Mr (G) := MZr (G) .

Much work has been done on the topology of these spaces, some of which by
C. Florentino. Specially relevant for this work are the papers [FL1, FL2, Sik].
In those, a complete description of these varieties is obtained for the reductive Lie
groups G =GL (n,C), SL (n,C) and Sp (n,C) as above. This characterization is
reviwed in some detail in section 6.1, and we will now only present its main conclu-
sions:

(1) there is a unique irreducible subvariety ofMr (G) that contains the identity,
that we shall denote by M0

r (G);
(2) for G =GL (n,C), SL (n,C) or Sp (n,C), their free abelian character vari-

eties are irreducible and we have an algebraic isomorphism:

Mr (G) ∼= T rG/WG,

where TG and WG are, respectively, the maximal torus and the Weyl group
of G.

As mentioned, determining the mixed Hodge structure of the free abelian character
variety for those reductive Lie groups is the main problem in this thesis. In the
next section, we will give an overview on the strategies we apply to try to solve this
problem.

Chasing µMr(GL(n,C)) (t, x)

Up to now, we were mostly concerned with the work of other people that led
and motivated the one contained in this thesis. From this point we intend to focus
on the new results obtained during my PhD. The statements of the main results are
summarized in the next section. In this section, we would like to give a simplified
and personal account of the process that led us to them, for two reasons: this
way is easier to convey the importance of the work of other people in ours and it
also provides for a more natural and complete description of the text and results
included in this thesis. This being said, we will focus on the most central result -
that of obtaining µMr(GL(n,C)) (t, x), the mixed Hodge polynomial of the free abelian
character variety of GL (n,C).

Among those groups for which the algebraic description

Mr (G) ∼= T rG/WG

applies, the cases G =GL (n,C) and SL (n,C) are particularly simple. We say this
because their Weyl group is the symmetric group on n letters, WG = Sn, and a great
deal is known on its representation theory. Inspired by the previously mentioned
papers [LMN] and [LMu], we tried to adapt the methods used in those papers
to calculate the E-polynomial of Mr (G) for such G. The idea is to introduce the
equivariant E-polynomial,

EWG
TG

(u, v) =
∑
k,p,q

(−1)k
[
Hk,p,q (TG)

]
WG

upvq

where
[
Hk,p,q (TG)

]
WG

stands for the WG-module given by the restriction of the

action WG y H∗,∗,∗ (TG) to Hk,p,q (TG). Using compatibility with diagonal actions

EWG
T rG

(u, v) = EWG
TG

(u, v)⊗r
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and the well known fact that for an action of a finite group, the cohomology of the
quotient is given by the invariant part of the original action10

H∗ (T rG/WG,C) = H∗ (TG,C)WG

one can recover the E-polynomial of Mr (G) by taking the coefficient of the trivial
representation of EWG

T rG
(u, v). In specific cases, we had to handle two problems: on

one hand, obtain the equivariant polynomial EWG
TG

(u, v), and on the other deduce

from it the coefficient of the trivial representation of EWG
T rG

(u, v), r > 1.

The second part of this problem seemed somewhat easier to handle, since it was
related to the representation theory of a finite group that is perfectly encoded in
its character table, CWG

. We managed to obtain such characterization,11 giving us
the desired description up to knowledge of CWG

. The most difficult part seemed

to be in obtaining EWG
TG

(u, v), which we did by applying techniques of the papers

mentioned above.12. This strategy had to be handled case by case, not providing
a general formula, but we still managed to obtain the E-polynomial of Mr (G) for
G =GL (n,C) and SL (n,C) for any r and up to n = 5 by applying it.

It was at this point that a simple observation had a great impact: in the case of
G = GL (n,C), the character varietyMr (G) is described by the symmetric product

Mr (GL (n,C)) ∼= Symn (C∗)r

and for those we can use a result by J. Cheah in [Ch], a formula that characterizes
the mixed Hodge structure of SymkX from that of the original variety X.13 Not
only this formula provided confirmation for the cases we had solved, it also raised an
important suspicion: it seemed, as it happens for smooth projective varieties, that no
information was lost when we passed from the mixed Hodge to the E polynomial, and
those polynomials seemed to codify the same numerical information as the Poincaré
polynomial. The technique described in the previous paragraph applies ipsis verbis
to the mixed Hodge polynomials, but the problem was as before that of obtaining
the first equivariant polynomial µSnTG . The strategy we used to obtain ESn

TG
heavily

used the property that the E-polynomial is multiplicative for algebraic fibrations
with trivial monodromy, and that does not apply, at least in this full generality, to
the mixed Hodge polynomial. Still, if we mirror the recipe above admitting this
result to be true for the mixed Hodge polynomial, the formulas we obtain are the
same as the ones yielded by applying Cheah’s formula.

The problem of reducing the calculation of the mixed Hodge polynomial to the
calculation of either the Poincaré or the E-polynomials had a parallel in a somewhat
old paper: A. Dimca and G. I. Lehrer in [DiLe2] have similar considerations to
reduce the calculation of the mixed Hodge or E polynomial to that of the Weight

10The proof of this result for MHS is the purpose of chapter 4, where a study of equivariant
cohomology for finite groups is done.

11This result is Theorem 7.1.5, the central one in chapter 7. In the end, we obtained a
simpler description for this specific case, but we manage to apply it to some others. Among those,
particularly relevant is the MHP of symmetric products of complex connected linear algebraic
groups (see Theorem 7.2.4).

12Most importantly the multiplicative property of the E-polynomial for fibrations. This result
is in [LMN] and its statement in this thesis is in (4) of Proposition 2.2.5. For convenience reasons
the actual proof is given in the result we state the equivariant version, this being Proposition 5.2.4.

13This formula and its remaining connections to our work are described in the third section of
chapter 6. In here, a comparative study of our strategy with Cheah’s leads to a nice combinatorial
identity.
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polynomial (the polynomial codifying the dimensions of the weight graded pieces
on each degree, GrWC

p+qH
k (X,C)). After some work, we deduced that for this spe-

cific problem the condition we require is that of Round variety (Definition 3.2.1).
Round varieties are complex quasi-projective ones having hk,k,k as the only non-
trivial Hodge numbers (Definition 3.2.1).14 For such varieties, one can recover the
mixed Hodge polynomial from either the Poincaré or the E-polynomials, and more-
over the round property is preserved by cartesian products. Then, since C∗ is round,
so is TG ∼= (C∗)n. Moreover, since the equivariant description of the cohomology of
a finite quotient also applies to the mixed Hodge components, both this properties -
round and separably pure - are preserved by finite quotients. We conclude the given
varieties are round and the results we had for the E-polynomial could be used to
obtain the mixed Hodge polynomial, this way giving an answer to the mystery that
had been raised by Cheah’s formula.

Parallel to this, the connections to the Poincaré polynomial above motivated a
direct study of the action Sn y H∗ (TG,C). That leads to the equivariant mixed
Hodge for reasons that are similar to the non-equivariant case. For a general variety,
an understanding of the action on the graded cohomology ring provides little help
in understanding the action on the mixed Hodge components. However, in our case
this can be applied because the cohomology ring is particularly simple: for a complex
torus it is completely characterized by tensor products of its degree 1-forms (it is
what we suggestively call an exterior algebra in odd degree 1 - see Definition 5.1.3).
With this description it is easy to see that the action of Sn on H1 (TG,C) ∼= Cn is
the natural permutation action, that is, the sum of the trivial with the standard
representations. Then the equivariant Poincaré polynomial can be described by:

P Sn
TG

(t) =
∑
k

(
k∧

St +
k−1∧

St

)
tk

where St is the standard representation. Applying the previously mentioned Theo-
rem 7.1.5 to this polynomial, we had a recipe to obtain the mixed Hodge polynomial
of Mr (GL (n,C)) for any r and n up to knowledge on the character table of Sn.

This strategy also provides a description for any of the free abelian character
varieties algebraically isomorphic to T rG/WG, but this only up to knowledge on the
character table of WG and the induced action WG y H1 (TG,C). To make this more
precise, denoting this representation by ρWG

one has the description

PWG
TG

(t) =
∑
k

k∧
ρWG

.tk

as above. Recalling that we just need the coefficient of the trivial representation
of this polynomial, Schur orthogonality relations and a formula for characters of
exterior product of representations ([JPSer, page 69, exercise 9.3]) can be used

14This is a particular case of a definition in [DiLe2], separably pure varieties (see Definition
3.1.7). This condition is similar to the projective one, requiring the MHS on each degree to be a
pure one, but not necessarily of the same total weight. The classification of varieties by their type
of Hodge numbers, as well as its consequences, are the focus of chapter 3.
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together with the round property to deduce15

µT rG/WG
(t, x) =

1

|WG|
∑
g∈WG

det
(
I + (tx)k .ρWG

(g)
)r
.

So we simplified our description to depend only upon knowledge of the induced
action WG y H1 (TG,C).

As mentioned above, we had a precise notion of what this action is for the case
G = GL (n,C), so one could use the above formula combined with the characteriza-
tion of conjugation classes in Sn as partitions of n to get a more complete description.
Moreover, the cases G = SL (n,C) or Sp (n,C) could also be deduced from it:

- for G = SL (n,C), the multiplicative property of the equivariant E-polynomial
together with the round property gives

µWGL
TGL

(t, x) = (1 + tx)µWSL
TSL

(t, x)

and by this also the mixed Hodge polynomial of the quotient;
- for G = Sp (n,C), the Weyl group is closely related to the symmetric group,

being given by the semi-direct product WSp(n,C)
∼=
( Z

2Z

)n o Sn. This relation could
be used to mirror the strategy used for GL (n,C), characterizing the conjugation
classes of WSp(n,C) as bi-partitions of n (see Definition 6.4.3).

Finally, we end this thesis with Theorem 7.2.4, where a ’mixture’ of Theorem
7.1.5 and the final strategy used to calculate µMr(GL(n,C)) (t, x) is employed to deter-
mine the mixed Hodge polynomial of the symmetric products of complex connected
linear algebraic groups.

Structure of thesis

Chapter 1: In this chapter we survey the construction of mixed Hodge struc-
tures by Deligne in the complex cohomology of complex smooth algebraic varieties
X (see [De2]). In the first section, we start by motivating mixed Hodge structures
by introducing the compact projective case through the Hodge to de Rham spectral
sequence. Afterwards, the weight spectral sequence is introduced. This abouts to
H∗ (X,C), this way inducing in it the weight filtration. On the second section we
construct the Hodge filtration on complex quasi-projective varieties by appealing to
the hypercohomology of the log complex. In conclusion we state the final result of
Deligne on any complex quasi-projective variety - namely that the Hodge filtration
induces a pure Hodge structure on the weight graded pieces (see [De3]). We end
this chapter by providing some simple examples where the mixed Hodge structure
of X = C and C∗ is obtained by following the construction.

Chapter 2: In this chapter we cover the basic properties of mixed Hodge structures
on the cohomology of quasi-projective varieties. We specify that our main interest
is to develop techniques to obtain the Hodge numbers, and to the effect in the first
section study the well known mixed Hodge polynomial. We also cover some of the
properties of mixed Hodge structures, most important being those that they share
with the usual cohomology. Namely, compatibility with Poincaré duality, the cup
product and the Künneth isomorphism. Those properties are used to calculate mixed

15These two polynomials can be obtained as a consequence of Theorem 5.2.3. This result is
contained in chapter 5, where the consequences of the equivariant result obtained in chapter 4 are
explored for the usual cohomology in 5.1 and for mixed Hodge structures in 5.2.
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Hodge structures in several examples. Most important among those is a Proposition
in the end of the first section that covers a result by Deligne, describing the mixed
Hodge structure of connected linear algebraic groups. In the second section we study
the E-polynomial, and prove some of its properties that will be very useful later on.
In this section, those results are motivated by a calculation of the E-polynomial of
the complex Lie groups G = GL (n,C), SL (n,C) and O (n,C). From those results,
most important for this work is the multiplicative property of the E-poylnomial for
fibrations with trivial monodromy. We also cover a Theorem by Katz, providing a
link between mixed Hodge structures and arithmetic geometry (see the Appendix
of [HRV]). In particular, if a reduction mod p of a complex variety X (C) is
polynomial count, then X (C) has a mixed Hodge structure of Hodge-Tate type,
and the counting polynomial coincides with the E-polynomial.

Chapter 3: This is the first chapter containing some original work, being part of
the introductory considerations in the pre-print [FLS]. We give some characteri-
zations of quasi-projective varieties, much in the same nature as the Hodge-Tate
type definition. In this, we mostly follow the work in [DiLe2]. In the first section
we cover a definition in this paper, separably pure variety. For those varieties, it is
possible to obtain the mixed Hodge polynomial from either the Poincaré or the E. In
the second section, we focus on the notion of round variety : a special type of sepa-
rably pure varieties whose only non-trivial Hodge numbers have the form hk,k,k. The
round property has the advantage that it is preserved by Cartesian products and
can be read in a simple property of the mixed Hodge polynomial. These properties
will be specially useful in chapter 5.

Chapter 4: In this chapter we start by describing the Cartan model for the case of
finite groups. Afterwards, we introduce an important tool in homology, the Leray-
Serre pectral sequence, relating the cohomology of the total space with the ones in
the basis and the fiber. Some of its properties are covered, and we use them along
with the Vietoris-Begle Theorem to prove the equivariant description of the singular
cohomology of a finite quotient X/G. This description provides an isomorphism be-
tween the singular cohomology of the quotient and the invariant part of the induced
G-action in the cohomology of X. Also important is the isomorphism between the
singular and de Rham orbifold cohomology. Through it, we manage to realize the
previous isomorphism as the pull-back of the quotient map. This is an important
fact, as it allows to use this isomorphism for mixed Hodge structures.

Chapter 5: In this chapter we cover the most useful technical results in the pre-
print [FLS]. In the first section, we explore the applications of the description of the
singular cohomology obtained in the previous chapter to the usual cohomology. This
description is used to give a formula for the Poincaré polynomial of finite quotients of
some type of manifolds. Specifically, those manifolds with a special type of exterior
algebra as a cohomology ring. In the second section, a version of this result for
mixed Hodge structures is introduced. This uses the fact that varieties with such a
cohomology are separably pure, a definition in chapter 3. We also give a formula for
the case of round varieties, those that will be most relevant in chapter 6. All of this
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is done with recourse to the equivariant polynomials: those codifying the induced
G-representations in the cohomology groups. This chapter ends with a proof of the
multiplicative property of the equivariant E-polynomial for fibrations with trivial
monodromy, doing so by a simple adaptation of a proof for the weight version in
[DiLe2].

Chapter 6: This chapter contains the core of the original work in the thesis. We
provide formulas for the mixed Hodge polynomial of the free abelian character variety
MZr (G), for G a complex reductive algebraic group. This formula for the mixed
Hodge polynomial is obtained when the character variety is the quotient by the
diagonal action associated to TG/WG - the quotient of the maximal torus by the Weyl
group. In the second section we use this formula, along with the characterization of
conjugation classes of Sn as partitions of n, to obtain a more concrete formula for
the cases G = GL (n,C) and SL (n,C). In section 3, by introducing a slight twist
on the notion of partition of n, we characterize the conjugacy classes of the Weyl
group of G = Sp (n,C). Mirroring the strategy in section 2, this characterization is
used to give a formula for the free abelian character variety of G = Sp (n,C).

Chapter 7: This is the final chapter of the thesis, having some original work yet
to be published in a joint work with C. Florentino - we obtain the mixed Hodge
polynomial of symmetric products of complex connected linear algebraic groups. In
the first section, we obtain a formula for the mixed Hodge polynomial of diagonal
actions. This formula is obtained by using the associated equivariant polynomials
and character table. This is done with some very simple considerations of represen-
tation theory of finite groups, mainly Schur orthogonality relations. In the second
section, we apply this method as well as Proposition 2.1.9 for symmetric products
of complex connected linear algebraic groups G. Through a comparison with the
case C∗, a full characterization relying only on the mixed Hodge polynomial of G is
obtained.
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Part 1

Mixed Hodge Structures on Cohomology





CHAPTER 1

Mixed Hodge Structures for Smooth Complex Varieties

In this chapter, we will overview the construction of mixed Hodge structures for
smooth complex quasi-projective varieties. The original work is due to Deligne in
[De2]. We will start by motivating the problem from the point of view of classical
Hodge theory, referring the compact Kähler case by the associated Hodge to de
Rham spectral sequence. Afterwards, we discuss how to build the Hodge and weight
filtrations in any smooth complex quasi-projective variety, our main tools being
hypercohomology and spectral sequences (the necessary results on those are included
in, respectively, the Appendixes A and B). To write this chapter, we mainly followed
[Voi, Chapter 8] and [PS, Chapter 4]. Other important texts were [Cir, Nic,
GrHa, We].

1.1. Weight spectral sequence

The theory of mixed Hodge structures as developed by Deligne, can be seen as a
generalization for any quasi-projective variety of the Hodge decomposition for com-
pact Kähler manifolds. If one assumes X to be compact and Kähler, its cohomology
satisfies the so called Hodge decomposition

Hk (X,C) =
⊕
p+q=k

Hp,q (X) ,(1.1.1)

where the pieces of this decomposition satisfy Hp,q (X) = Hq,p (X). This constitutes
the prototype of a pure Hodge structure of weight k. Our intent in this chapter is
to give an introduction to a generalization of this decomposition for possibly non-
compact manifolds. To set this up, a crucial ingredient will be spectral sequences. It
will be then advantageous to get a similar description for the Hodge decomposition
of a compact Kähler manifold.

Definition 1.1.1. LetM be a complex manifold andA∗,∗ (M) =
⊕

p+q=k A
p,q (M)

be the sheaf of complex valued differential k forms - the sheaf of sections of the vec-
tor bundle of complex valued differential k-forms. There is a spectral sequence
associated to this complex, whose filtration is

F pA∗,∗ :=
⊕
i≥p

Ai,∗ (M)

with differentials d = ∂, δ = ∂̄. This spectral sequence is called Hodge to de Rham
or Frölicher spectral sequence.

The Hodge to de Rham spectral sequence has a format that we will frequently
find throughout this thesis: a double complex K∗,∗ and their differentials, together
with a filtration compatible with those

F pK∗,∗ =
⊕
i≥p

Ki,∗.
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The main properties of those are described in Theorem B.0.2 of the Appendix B.
This Theorem applies to the Hodge to de Rham spectral sequence, that is related to
the double complex A∗,∗ (M) =

⊕
p+q=k A

p,q (M), of forms divided into p, q types.
When M is compact Kähler, the Hodge decomposition may be re-written as

Hk (M,C) =
⊕
p+q=k

Hq (M,Ωp
M)

since one has the identification Hq (M,Ωp
M) = Hp,q (M) with the Dolbeault coho-

mology. Then the spectral sequence has to converge at step 1, and one gets as an
application of this Theorem:

Proposition 1.1.2. Let M be a complex manifold. The associated Hodge to de
Rham spectral sequence satisfies

(1) Ep,q
1 = Hq (M,Ωp

M)⇒ Hp+q (M,C)
(2) if M is compact Kähler, the spectral sequence converges at step 1, giving

the decomposition

Hk (X,C) '
⊕
p+q=k

Hq (M,Ωp
M)

'
⊕
p+q=k

Hp,q (M) .

From the first point, we know the Hodge to de Rham spectral sequence converges
to the usual cohomology of M . Then one gets a filtration on M induced by the
putative Hodge filtration:

Definition 1.1.3. Let M be a complex manifold. To the filtration induced on
H∗ (M,C) by the Hodge to de Rham spectral sequence one calls Putative Hodge
Filtration.

The Hodge decomposition is a first instance of a Hodge structure, that can be
defined in abstract terms.

Definition 1.1.4. Let VQ be a rational vector space. If its complexification is
endowed with a decomposition

VC =
⊕
p+q=k

V p,q

satisfying V p,q = V q,p, one says the pair (VZ, F
∗VC) is a (Rational) Hodge Structure

of Weight k = p+ q.
Equivalently, one can define in the complexification of VQ a descending filtration

. . . // F p+1VC // F pVC // . . . // F 0VC = VC

satisfying

∀p+ q = k + 1,

{
F pVC

⋂
F qVC = 0

F pVC � F qVC = VC
.

This filtration is usually denoted by Hodge Filtration.

Remark 1.1.5. The connection between these two approaches is as follows: if
one starts with the decomposition VC =

⊕
p+q=k V

p,q, the filtration is defined as

F pVC =
⊕
i≥p

V i,k−i.
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On the other hand, if one starts with the filtration, a piece of type p, q, p + q = k,
is defined as

V p,q = F pVC
⋂

F qVC.

The cohomology of non-compact manifolds does not need to admit a Hodge
structure, even if Kähler. Also, convergence of the Hodge to de Rham spectral
sequence at step 1 is a weaker condition than being compact Kähler. For instance,
the cohomology of any complex vector space Cn has a Hodge decomposition, as does
any contractible manifold, given by H0 (Cn,C) ' C = H0,0 (Cn).

We will now provide some examples of non-Kähler compact manifolds. Since for
k odd the Hodge decomposition has no diagonal term, one sees that the odd degrees
of the cohomology of a compact Kähler manifold must be even dimensional. This
gives us an easy criterium to check the compact Kähler condition.

Example 1.1.6. Consider the punctured complex plane, X = C∗. Being homo-
topic to S1, its rational cohomology is given by

Hk (X,Q) =

{
Q if k = 0, 1

0 otherwise
.

From here one immediately sees H1 (X,Q) cannot be endowed with a Hodge struc-
ture, since dimCH

1 (X,C) ' dimCH
1 (X,Q) � C = 1 /∈ 2Z. This does not imply

that X is not Kähler, since the (1, 1) real form associated with the standard Her-
mitian metric, dz ∧ dz̄, is.

Example 1.1.7. A Hopf manifold is obtainable as a free quotient of Xn :=
Cn\ {0} by Z, where the generator 1 ∈ Z acts by holomorphic contractions. More
usually, a classical Hopf manifold is given by associating the linear biholomorphism

γ : Cn → Cn

(z1, . . . , zn) 7→ a (z1, . . . , zn)

0 < ‖a‖ < 1, with the generator 1. So γ is a biholomorphism for which a sufficiently
big iteration γN sends any compact subset to a sufficiently small neighbourhood of
zero. This being a free action by a discrete group assures us that Xn/Z is still a
complex manifold. As a real manifold, one has the diffeomorphism

Xn/Z → S2n−1 × S1

[(z1, . . . , zn)] 7→
(

(z1,...,zn)
‖(z1,...,zn)‖ ,

[
l(z1,...,zn)

]) .

In here, the second coordinate function is obtained by considering the quotient of
the Z-action given by the restriction of the original action to the real line l(z1,...,zn)

generated by (z1, . . . , zn). So this manifold cannot be Kähler if n 6= 1, since

H1 (Xn/Z,Q) ' H1 (S2n−1,Q) �H0 (S1,Q) �H0 (S2n−1,Q) �H1 (S1,Q) ' Q

Example 1.1.8. As another example of a compact complex manifold that is not
Kähler, one has X = S3 × S3. This manifold has as cohomology ring

Hk (X,Q) =


Q if k = 0, 6

Q2 if k = 3

0 otherwise

.
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Then the reasons applied in the last two examples do not apply here, but similar
ones of another nature do. Indeed, the cohomology of X is zero in all even degrees
except 0 and 6. But the even degrees of the cohomology of a Kähler manifold are
never zero (since the class of ωi, for ω the Kähler form, is never zero in H2i (X) -
for this to apply it actually suffices to require ω to be a symplectic form).

As given, X has the structure of a real manifold, so we must justify why it can
be regarded as a complex one. In other words, one must give an example of an
integrable almost complex structure on its tangent bundle. This can be done as
follows: consider the manifold X = C2\ {0}×C2\ {0} and on it the C∗-action given
by:

z. (z1, z2) := (z × z1, z × z2) .

This is a free and properly discontinuous action, so the quotient X/C∗ has a well
defined holomorphic structure. Moreover, one has a surjective map X → S3 × S3

given by (z1, z2) 7→
(

z1
‖z1‖2

, z2
‖z2‖2

)
, that is invariant under the C∗-action. Then it

induces a map on the quotient

X/C∗ → S3 × S3

[z1, z2] 7→
(

z1

‖z1‖2 ,
z2

‖z2‖2

)
that is also injective. We conclude this map is a diffeomorphism, and X/C∗ having
a complex structure it also induces one on S3 × S3. Then S3 × S3 is compact and
admits a complex structure, but cannot be Kähler.

These last two examples show that for a general complex manifold or algebraic
variety, its degrees of cohomology do not have to be endowed with a pure Hodge
structure. The idea behind Deligne’s construction was to consider the the Frobenius
endomorphism on the “reduction mod p” of X. This endomorphism would induce
a new grading on the cohomology ring of the original variety X (C), through the
weight filtration. Moreover, there would be a Hodge filtration for open varieties
that would endow the pieces of this grading with a pure Hodge structure. The
idea is that the non-compact or non-Kähler manifold degrees of cohomology do not
have to be enriched with a pure Hodge structure, but the pieces provided by the
weight filtration will. This re-grading is obtained by considering a special type of
compactification, that we now define.

Definition 1.1.9. Let Y be a hypersurface of a smooth complex manifold X.
One says that Y is a Normal Crossing Divisor if there exists an open cover of Y by
charts of X, such that in each one of these charts (U, z1, . . . , zn), Y is given by the
solution of z1 . . . zr = 0, for a certain r depending on the chart. If the irreducible
components of Y are smooth, one says that it is a Simple Normal Crossing Divisor.

A smooth projective compactification X of an open manifold U is said to be a
Good Compactification if the complement is a simple normal crossing divisor.

Of special relevance for us is the fact that the complement of an open variety on
its Hironaka compactification is a simple normal crossing divisor:

Theorem 1.1.10. (Hironaka, 1964) Any smooth complex quasi-projective variety
U admits a good compactification.

Proof. As mentioned, this result is due to Hironaka, whose original proof is in
[Hiro]. Since its original publication, many simpler versions of the original proof
were made, most recently [Wl, Ko]. �
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This result is a crucial point in the construction of both filtrations in the coho-
mology of a smooth quasi-projective variety: this will be done by making a suitable
comparision between the cohomology of U , its compactification X and the comple-
ment D = X\U . We will do so by focusing on the construction and properties of
the holomorphic de Rham complex with logarithmic singularities along D, for D a
simple normal crossing divisor of a projective variety X.

Definition 1.1.11. Given a pair (X,D), D being a simple normal crossing
divisor of X, consider Ω∗X (∗D) the sheaf of meromorphic forms of X that are holo-
morphic on X\D. A form α ∈ Ωk

X (∗D) is said to have Logarithmic Singularities
along D if α and dα have, at most, a pole of order 1 along D. The sheaf of all such
forms is denoted by Ω∗X (logD).

Let us motivate this definition by some simple examples. In both cases, we will
be considering Riemann surfaces U (so of complex dimension 1). Then, to compute
Ω1
X (logD) we don’t need to consider dα for α a meromoprhic 1-form, as they are

always zero.

Example 1.1.12. Consider U = C. A possible compactification for U is given by
identifying it with the subset U0 = {[z0, z1] ∈ P1

C| z0 6= 0} of the complex projective
line. Its complement, D = P1

C\C = {[0 : 1] =∞}, being given by a point is a simple
normal crossing divisor. Then Ω∗P1

C
(logD) is given by the meromorphic forms α on

P1
C that are holomorphic on U0 ' C and such that α and dα have at most a pole

of order 1 on ∞. If one takes f (z) dz as an holomorphic 1-form in U0, in U1 this

is given by −f(1/z)
z2

dz. This is a form in Ω∗P1
C

(logD) iff f (z) = 0, and hence we

conclude Ω1
P1
C

(logD) = 0. Similar considerations show that the degree 0 is given by

constant functions, that is Ω0
P1
C

(logD) ∼= C.

Example 1.1.13. Consider U = C∗. A possible compactification for U is P1
C,

identifying it with the subset {[z0, z1] ∈ P1
C| z0, z1 6= 0} = U0

⋂
U1, where U0, U1 are

as in the previous example. Then D = {[0 : 1] , [1 : 0]}, so this is a good compact-
ification. Therefore Ω∗P1

C
(logD) is given by the meromorphic forms α on P1

C that

are holomorphic on U0

⋂
U1 and such that α and dα have at most a pole of order

1 on [0 : 1] and another one on [1 : 0]. So the global forms of Ω∗P1
C

(logD) have the

form ω
z
, ω ∈ Ω∗P1

C
, when restricted to U0 or U1. Fix ω|U0 = f(z)

z
dz as one such

1-form in U0, then in U1 this is given by f(1/z)
1/z

d (1/z) = −f(1/z)
z

.dz. We conclude

that ω ∈ Ω1
P1
C

(logD) iff f (z) is a constant, and so Ω1
P1
C

(logD) ∼= C. By similar

reasons one also obtains that Ω0
P1
C

(logD) is given by constant functions, and so

Ω0
P1
C

(logD) ∼= C.

Being holomorphic forms on a Zariski open subset, one sees that any form in
Ω∗X (logD) is closed for ∂. Then one has an identification of d with ∂ on Ω∗X (logD).
Assume now that α ∈ Ωk

X (logD), for some k. Then dα ∈ Ωk+1
X (logD), since by

definition this has at most a pole of order 1 along D, and so does d (dα) = 0. But
then the sequence 0→ . . .→ Ωk

X (logD)→ Ωk+1
X (logD)→ . . . is a complex.

Definition 1.1.14. The complex

0→ Ω0
X (logD)

d=∂→ . . .
d=∂→ Ωk

X (logD)
d=∂→ . . .
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is called Holomorphic de Rham Complex with Logarithmic Singularities along D.

The weight filtration is built by considering the spectral sequence associated to
a filtration in this complex.

Definition 1.1.15. Let U be a smooth quasi-projective complex variety and X
a good compactification. The ascending filtration

WmΩk
X (logD) :=


0 m < 0

Ωk
X (logD) m ≥ k

Ωk−m
X ∧ Ωm

X (logD) 0 ≤ m ≤ k

has an associated spectral sequence, the Weight Spectral Sequence, that we will
denote by WE

p,q
r .

Remark 1.1.16. We notice, as we shall see afterwards, that the weight spectral
sequence is not a first quadrant one: by this, we mean that there can be non-trivial
pieces WE

p,q with p or q being negative integers.

We will now focus on the study of the weight spectral sequence. Specially relevant
will be the fact that it will converge to H∗ (U,Q), this way inducing on it the weight

filtration. To better characterize the first page of this sequence, set D =
⋃N
i=1 Di,

where the Di’s are the smooth irreducible components of D. Consider the following
sets:

D(0) := X

D(1) :=
N∐
i=1

Di

D(2) :=
∐
i 6=j

Di

⋂
Dj

. . .

D(N) := D1

⋂
. . .
⋂

DN .

So each D(k) is equal to the disjoint union of the possible k-intersections of distinct
irreducible components of D. D being a simple normal crossing divisor, each D(k)

is a smooth projective variety of complex dimension dimCX − k. We will also take
in consideration the Gysin morphism associated to the maps

jk : D(k) → X

given by component wise inclusion. Givenm = (i1, . . . , ik) andDm = Di1

⋂
. . .
⋂
Dik

we will denote by

jm : Dm → X

the restriction of the above map. Given this one has

Proposition 1.1.17. Let X be a good compactification of a smooth complex
quasi-projective variety U and D = X\U , D(k) be as above. Then the weight spectral
sequence satisfies

(1) WE
p,q
1 (U) ∼= H2p+q

(
D(−p),C

)
;

(2) the weight spectral sequence converges at step 2 to Hp+q (U,C). Conse-
quently we have the equality

WE
p,q
2 (U) ∼= GrWp H

p+q (U,C)
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where the W on the right-hand side is the filtration induced on H∗ (U,C)
by the weight spectral sequence.

Proof. Point (1) is the content of [Voi, Corollary 8.33].
For the second, [De2, Lemma 3.2.10] implies convergence at step 2 and equality

[De2, 3.2.4.1] secures it abouts to the cohomology of U . This provides the first
equality by Theorem B.0.1. �

By considering Theorem B.0.1 and this result, the weight spectral sequence starts
by being given by the the graded weight pieces of the weight filtration

(1.1.2)
WkΩ

∗
X (logD)

Wk−1Ω∗X (logD)
.

This space can be seen to be isomorphic to jk,∗Ω
∗−k
D(k) ([Voi, Proposition 8.32]), and

abouts to the cohomology of U at step 2. Moreover, at step 1 the weight spectral
sequence is given by the above equality

WE
p,q
1 (U) = H2p+q

(
D(−p),C

)
.

Then one can perspective this spectral sequence as a way to approximate the coho-
mology of U by a filtration that is induced by the cohomology of projective varieties,
namely the pieces D(−p). This filtration induces a decomposition of the cohomology
ring H∗ (U,C), that is the promised weight filtration.

Definition 1.1.18. Let U be a complex smooth quasi-projective variety. The
increasing filtration W induced on H∗ (U,C) by the weight spectral sequence is called
Weight Filtration.

To check this definition corresponds to the intended one several things have to
be checked. We want it to be a filtration that allows for a generalization of the
Hodge decomposition. Also important are independence in relation to the chosen
compactification, and triviality in the smooth projective case. These are given by
the next result, as well as compatibility with the cup product.

Proposition 1.1.19. Let U, V be smooth complex quasi-projective varieties.
Then the weight filtration satisfies:

(1) the weight filtration may be defined over the rationals;
(2) if f : U → V is an algebraic map, the pull-back f ∗ : H∗ (V,Q)→ H∗ (U,Q)

is a map of filtered complexes for the weight filtration W ∗;
(3) the weight filtration is independent of the chosen compactification;
(4) if U is a smooth complex projective variety, the weight filtration is trivial,

meaning Wl = H∗ for any l ≥ 0;
(5) the weight filtration on each degree Hk (U,Q) is an ascending filtration of

the form

0 = W−1H
k (U,Q) ⊆ W0H

k (U,Q) ⊆ . . . ⊆ W2kH
k (U,Q) = Hk (U,Q) .

Proof. The part (1) is in part (2) of [PS, Theorem 4.2]. The points (2), (3)
and (5) will be proved after we introduce the Hodge filtration for open varieties in
Proposition 1.2.7.

For (4), in the case where U is Kähler D may be chosen as empty. But then the
associated spectral sequence is the trivial one, so by definition it induces the trivial
filtration on H∗ (U,Q). �
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In the next section, we will cover how to generalize the Hodge filtration associated
to the Hodge decomposition in 1.1.1 for any quasi-projective variety. This way we
will endow the graded weight pieces of the weight filtration with the desired pure
Hodge structure.

1.2. Open Hodge filtration

in the last section we introduced a tool, the Hodge to de Rham spectral sequence,
that when X is compact and Kähler converges at step 1 to the cohomology of
X. Moreover, for these varieties the induced filtration in cohomology is the Hodge
filtration. We also mentioned that degeneracy of this spectral sequence and the
Kähler condition are not equivalent - the former is weaker than the latter. Indeed
the degeneracy at first page of the spectral sequence is equivalent to the equality

F pHk (X,C)

F p+1Hk (X,C)
= Hq (X,Ωp

X)(1.2.1)

where F ∗ stands for the putative Hodge filtration, this equality being provided by
(1) of Corollary 1.1.2. Alternatively, this degeneracy is equivalent to the equality of
integers

bk =
∑
p+q=k

hp,q

where bk are the Betti numbers of X and hp,q = dimCH
q (X,Ωp

X). Although similar,
this is not equivalent to the Hodge decomposition, since it does not imply the sym-
metry hp,q = hq,p. Another interesting instance of this spectral sequence is provided
by smooth complex affine algebraic varieties, as the following example shows

Example 1.2.1. Let X be a smooth complex affine algebraic variety. X being
affine tells us that the sheaves Ωk

X are acyclic, so we have

Hk (X,C) ' Hk
(
H0 (X,Ω∗X)

)
an equivalence between X’s cohomology and the complex of global sections of the
Dolbeault holomorphic complex of sheaves Ω∗X [Voi, Section 8.4]. Then all coho-
mological classes have holomorphic representatives, and in particular we conclude
using 1.2.1

F kHk (X,C) = Hk (X,C) .

One admissible generalization for the Hodge filtration would be the filtration
induced by the Hodge to de Rham spectral sequence - but the above example shows
this may well be trivial in non-trivial instances. This gives a reason for denoting
the filtration induced by this spectral sequence as putative Hodge filtration - it only
coincides with the Hodge filtration we will build in this section in the case of X
compact Kähler.

Fixing U as a complex quasi-projective variety, to built the Hodge filtration one
considers once again the complex with logarithmic singularities associated to a good
compactification j : U ↪→ X. Consider the associated inclusion of sheaves

Ωk
X (logD) ⊆ j∗Ω

k
U ,

that is compatible with the differentials. One can relate the logarithmic complex to
the usual cohomology of U by taking the inclusion Ωk

U ⊆ A∗U to the sheaf of complex
valued differential forms and composing it with the previous map

Ωk
X (logD) ⊆ j∗A∗U .
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A key point in Deligne’s construction is that this associated map is a quasi-isomorphism.

Theorem 1.2.2. (Griffiths 1969, Deligne 1971)The above map Ω∗X (logD) →
j∗A∗U is a quasi-isomorphism.

Proof. Due to its length, we opted to skip the proof of this result. In Deligne’s
original paper, this result is given in [De2, Proposition 3.1.8]. All the necessary
techniques to understand this proof were already introduced, either in this chapter
or in the Appendix A. The interested reader may found a proof along these lines in
[Voi, Proposition 8.18]. �

This Theorem combined with the fact that j∗A∗U are Γ-acyclic, gives an associated
canonical isomorphism in hypercohomology

Hk (X,Ω∗X (logD)) ' Hk (X, j∗A∗U)

(see Appendix A, namely Proposition A.0.4). On the other hand, A∗U being an
acyclic resolution of CU , its cohomology of global sections is canonically isomorphic
to that of U :

Hk (U, A∗U) ' Hk (U,C)

(see Appendix A, Definition A.0.3 and Proposition A.0.4). Moreover, the sheaves
j∗A∗U being acyclic tells us its hypercohomology is equal to the cohomology of its
complex of global sections, so we have the equalities:

Hk (X, j∗A∗U) = Hk (Γ (X, j∗A∗U)) ' Hk (Γ (U,A∗U)) = Hk (U,C) .

Overall we get an isomorphism

Hk (U,C) ∼= Hk (X,Ω∗X (logD))

that allows us to define the Hodge filtration on Hk (U,C). This is done by consider-
ing the spectral sequence in hypercohomology associated to the naive filtration on
Ω∗X (logD).

Corollary 1.2.3. There is a canonical isomorphism

Hk (U,C) ∼= Hk (X,Ω∗X (logD)) .

As the name indicates, the naive filtration on a complex K∗ is the one whose
graded pieces are given by its natural grading.

Definition 1.2.4. Let K∗ be a complex in an abelian category. For each integer
p, to the filtration given by(

K≥p
)m

:=

{
Km m ≥ p

0 m < p

one calls Naive Filtration.

Considering the naive filtration and the induced spectral sequence on the log
complex Ω∗X (logD), allows us to introduce the Hodge filtration on the usual coho-
mology of open varieties.

Definition 1.2.5. Let U be a smooth complex quasi-projective variety and X
a good compactification. We have seen that

Hk (U,C) ∼= Hk (X,Ω∗X (logD)) .
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Considering the naive filtration on Ω∗X (logD), this isomorphism induces a descend-
ing filtration on Hk (U,C). First consider the morphism in hypercohomology asso-

ciated to the inclusion of complexes Ω≥pX (logD) ↪→ Ω∗X (logD). Then one defines
the Hodge filtration by

F pHk (U,C) := Im
(
Hk
(
X,Ω≥pX (logD)

)
→ Hk (X,Ω∗X (logD))

)
regarding the right hand-side as a subset of Hk (U,C) by the previous isomorphism.
This filtration is the so called Hodge Filtration. If we want to differentiate it from
the previous Hodge filtration, we will denote it by Open Hodge Filtration.

In order for this to be a generalization of the Hodge filtration, we should prove
that it coincides with the previous Hodge filtration for projective varieties.

Lemma 1.2.6. Let U be a smooth complex projective variety. Then for U the
Hodge, putative Hodge and open Hodge filtrations coincide.

Proof. We already know the Hodge and putative Hodge filtration are the same.
Since U is projective, one may take X = U and D = Ø. Consequently, the holo-
morphic de Rham complex with logarithmic singularities coincides with the usual
holomorphic de Rham complex, Ω∗X (logD) = Ω∗X . The sheaves Ω∗X being Γ-acyclic
and a resolution of C, their hypercohomology coincides with the usual cohomology
of U . Moreover

Hk
(
U,Ω≥pU

)
∼= Hk

(
U,Ω≥pU

)
=

⊕
r≥p

Hr,k−p (U)

= F pHk (U,C) .

and the result follows. �

As for the weight filtration, we now list the important properties of the Hodge
filtration.

Proposition 1.2.7. Let U be a smooth complex quasi-projective variety of com-
plex dimension n. Then the (open) Hodge filtration satisfies:

(1) the pull-back is a map of filtered complexes for the Hodge filtration;
(2) the Hodge filtration is independent on the chosen compactification of U ;
(3) the Hodge filtration in each degree of cohomology has the form:

0 = F n+1Hk (U,C) ⊆ . . . ⊆ F 1Hk (U,C) ⊆ F 0Hk (U,C) = Hk (U,C) .

Proof. To prove (1), let f : U → V be a map between smooth complex quasi-
projective varieties and consider its pull-back:

f ∗ : Hk (V,C)→ Hk (U,C) .

Assume XU and XV are, respectively, good compactifications of U and V . These
compactifications may be chosen in such a way that the map f extends to a map
f̄ : XU → XV [PS, page 101]. Then the result follows from [PS, Lemma 4.12] (in
here, it is concluded that f ∗ : Hk (V,C) → Hk (U,C) preserves their natural mixed
Hodge structures, and as we will see this in particular implies it respects the Hodge
filtration).

The second result is a simple consequence of the first. To see this, assume X
and Y to be good compactifications of U . Inside X × Y , let Z be a closure of
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the diagonal of U × U ↪→ X × Y , that is also a good compactification of U . The
projections p1 : X × Y → X and p2 : X × Y → Y restricted to Z induce the
identity on U . Then, by (1), they give isomorphisms of filtered complexes between
the Hodge filtration on U , given by the good compactification Z, and either the good
compactification X or Y . In particular, we proved the Hodge filtration induced by X
and Y agree canonically. We also recall that the proof of (2) and (3) of Proposition
1.1.19 is similar to these two points.

For the last point, recall the Hodge filtration was defined as

F pHk (U,C) = Im
(
Hk
(
X,Ω≥pX (logD)

)
→ Hk (X,Ω∗X (logD))

)
.

Then it is obviously decreasing. As Ω≥0
X (logD) = Ω∗X (logD), F 0Hk (U,C) =

Hk (U,C). Lastly, assume p > dimC U = dimCX. Then Ω≥pX (logD) = 0, since
Ωk
X (logD) = 0 for any k > dimCX.

As promised, we now prove point (5) in Proposition 1.1.19. Recall that the weight
filtration on Hk (U,Q) is induced by the weight filtration on Ωp

X (logD) through the
weight spectral sequence. This first filtration is defined by

WmΩp
X (logD) :=


0 m < 0

Ωp
X (logD) m ≥ p

Ωp−m
X ∧ Ωm

X (logD) 0 ≤ m ≤ p

.

Also, one has the equality

Wk−1H
k (U,C) = Im

(
Hk (X,W−1Ω∗X (logD))→ Hk (U,C)

)
where the above map is the one induced by the inclusion of sheaves

Wm−kΩ
∗
X (logD) ⊆ Ω∗X (logD)

(this equality is, for instance, the content of part (2) of [PS, Theorem 4.2]). Com-
bining this equality with the form of the weight filtration in Ωp

X (logD) yields

Wk−1H
k (U,Q) = 0

(Theorem B.0.1). On the other hand

W2kH
k (U,C) = Im

(
Hk (X,WkΩ

∗
X (logD))→ Hk (U,C)

)
.

Since WkΩ
l
X (logD) = Ωl

X (logD) if k = l, we have

Hk (X,WkΩ
∗
X (logD)) = Hk (X,Ω∗X (logD))

which justifies why W2kH
k (U,C) = Hk (U,C), as we wanted. �

Recall in the previous section we commented that the Hodge decomposition of the
rational cohomology of a compact Kähler manifold is a pure Hodge structure. This
means that it provides decompositions of the complexified vector spaces Hk (X,C)
indexed by weights satisfying p + q = k, together with a duality for conjugation
Hp,q (X) = Hq,p (X). Abstractly, one defines a rational pure Hodge structure as
a rational vector space whose complexification admits such a decomposition. We
also saw some examples showing this result is not true for a general complex mani-
fold. But the previously mentioned compatibility of the Hodge and weight filtration
endows the cohomology with a mixed Hodge structure, that we now define.

Definition 1.2.8. Let VQ be a rational vector space. A Mixed Hodge Structure
of Weight k on VQ is given by two filtrations:
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(1) a descending filtration on the complexified vector space, F ∗VC, called Hodge
filtration;

(2) an ascending filtration on the original vector space, W∗VQ , called weight
filtration;

such that the filtration induced by F ∗ on each graded piece GrWr VC of the complex-
ified weight filtration is a pure Hodge structure of weight k + r.

If {VQ, F ∗,W∗} and
{
V ′Q, F

′∗,W ′
∗
}

are two k-weight mixed Hodge structures, a
linear map f : VQ → V ′Q is a Morphism of Mixed Hodge Structures if it is compatible
with the provided filtrations:

f (WmVQ) ⊆ W ′
mV

′
Q

fC (F pVC) ⊆ F ′pV ′C.

These spaces with these morphisms form a category, the category of mixed Hodge
structures of weight k. This admits some natural functors to the category of complex
vector spaces, given by:

{VQ, F ∗,W∗} 7→ V p,q := GrpFGr
W
p+qVC.

To the spaces V p,q we will call Mixed Hodge Components.

The category described in this definition is an abelian category and the mentioned
functor is an exact one. This is a simple remark, and we will leave its proof to the
reader:

Lemma 1.2.9. The category of mixed Hodge structures of a given weight is an
abelian category and the functors VQ 7→ V p,q are exact functors.

Up to now we have been dealing with the cohomology of smooth quasi-projective
varieties U . But Deligne’s result applies even if U is not smooth. Actually, this fact
provides one of the most important applications of mixed Hodge structures: they
are complex algebraic invariants on the cohomology of non-smooth varieties that
are easy to calculate in many instances. In the second part of this thesis, we will
provide several original examples of the calculation of mixed Hodge structures on
character varieties, that will be non-smooth with singularities of orbifold type. For
this reason we will state the result in its full generality.

Theorem 1.2.10. (Deligne, 1971 & 1974) Let U be a complex quasi-projective
variety, not necessarily smooth or compact. Then each Hk (U,Q) is endowed with an
ascending filtration W∗ and its complexification Hk (U,C) with a descending filtration
F ∗ that provide it with a mixed Hodge structure of weight 0. If U is smooth, W∗
and F ∗ are, respectively, the weight and Hodge filtrations. Moreover, in this case
the mixed Hodge structures on the cohomology of U does not depend on the chosen
compactification.

Proof. The general result is the main one in [De3], the smooth case is treated
in [De2]. �

Remark 1.2.11. Up to now, we gave the definition of the Hodge and weight
filtrations only for smooth quasi-projective varieties. As the definition of mixed
Hodge structure suggests, we will also denote the filtrations F ∗ and W∗ by Hodge
and weight in the non-smooth case.

It is also worth noticing that the independence of the mixed Hodge structure in
the smooth case on the chosen compactification was already seen, since we proved
that the Hodge and weight filtrations did not depend on it.
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We will finish this chapter by providing examples of the calculation of mixed
Hodge structures from the definition in two very simple examples: U = C and C∗.

Example 1.2.12. We will consider the case U = C, starting by computing
the weight filtration. Using the compactification described in example 1.1.12, D is
connected given by a single point [0 : 1] =∞. Then the first page of the associated
weight spectral sequence has the form

WE
−1,2
1 = Q d1→ WE

0,2
1 = Q

0 0

0 WE
0,0
1 = Q

.

The only non-zero differential is given by the Gysin morphism associated to the
inclusion {[0 : 1]} ↪→ X = P1

C. This is an isomorphism, since the associated pull-
back at level 0 is an isomorphism. It follows that the second page only has the
component E0,0

2 different from zero, being equal to Q. Using (2) in Proposition
1.1.17, we get that the only non-trivial graded piece of the complexified weight
filtration is

GrWC
0 H0 (U,C) = H0 (U,C)

= C.
To obtain the Hodge filtration, one considers the hypercohomology of Ω∗X (logD).
This is given by

Hk (X,Ω∗X (logD)) =

{
C k = 0

0 k 6= 0

since it coincides with Hk (U,C) (see Corollary 1.2.3). Since for p = 0 Ω≥pX (logD) =
Ω∗X (logD), one sees that F 0H∗ (U,C) = H∗ (U,C). For p = k = 1, one has

F 1H1 (U,C) = Im
(
H1
(
X,Ω≥1

X (logD)
)
→ H1 (X,Ω∗X (logD))

)
.

Since Ω≥1
X (logD) ∼= 0 (see example 1.1.12), we conclude F 1H1 (U,C) = 0. For the

same reason, we also conclude F 1H0 (U,C) is 0. Moreover, if p > 1 then Ω≥pX (logD)
is also the 0 complex, and so F pH∗ (U,C) = 0. Concluding we saw:

F pHk (U,C) =

{
H0 (U,C) p = k = 0

0 otherwise
.

Notice that in this case the open, usual and putative Hodge filtrations coincide (the
equality with the putative filtration is justified by example 1.2.1. The usual Hodge
filtration is defined since the cohomology of U admits a Hodge structure, although
it is not compact). Moreover, the Hodge filtration induces the trivial filtration on
GrWC

0 H0 (U,C), that is a Hodge structure of weight 0. Then the only non-trivial
component of the decomposition is given by Gr0

FGr
WC
0 H0 (U,C).

Example 1.2.13. Consider the case U = C∗. Using the compactification given
in example 1.1.13, we get D(0) = X = P1

C and D(1) = D = [0 : 1]
∐

[1 : 0]. Then the
weight spectral sequence first page has the form

E−1,2
1 = Q2 d1→ E0,2

1 = Q
0 0

0 E0,0
1 = Q

.
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This time the Gysin morphism associated to D(1) ↪→ P1
C is only surjective, so we get

two non-trivial components for the second page. Namely, E0,0
2 = Q = E−1,2

2 , so the
non-trivial graded pieces of the complexified weight filtration are

GrWC
0 H0 (U,C) = H0 (U,C)

= C
and

GrWC
2 H1 (U,C) = H1 (U,C)

= C.
To determine the Hodge filtration, one has to obtain the hypercohomology of Ω∗X (logD),
that is given by

Hk (X,Ω∗X (logD)) =

{
C k = 0, 1

0 k 6= 0
.

By the same reasons as in the previous example, one has F 0H∗ (U,C) = H∗ (U,C).
Given the form of the cohomology of U = C∗, we may conclude F ∗Hk (U,C) = 0 for

k > 1. As before, for p > 1 one has Ω≥pX (logD) = 0 and so F pH∗ (U,C) = 0. For
k = p = 1 one has

F 1H1 (U,C) = Im
(
H1
(
X,Ω≥1

X (logD)
)
→ H1 (X,Ω∗X (logD))

)
= C.

This last equality follows from Ω≥1
X (logD) being C at level 1 and 0 otherwise (see

example 1.1.13) . But then H1
(
X,Ω≥1

X (logD)
)

coincides with the usual cohomology
of X shifted by 1, that is isomorphic to C. This is an easy consequence of Lemma
A.0.2, that by observing Definition A.0.3 implies this equality. Admit now p = 1
and k = 0, one has

F 1H0 (U,C) = Im
(
H0
(
X,Ω≥1

X (logD)
)
→ H0 (X,Ω∗X (logD))

)
= 0

this being due to the fact that H0
(
X,Ω≥1

X (logD)
)

= 0. We conclude

F pHk (U,C) =

{
C p = k < 2

0 otherwise
.

As before, the Hodge filtration induces trivial decompositions in the weight graded
pieces. For GrWC

0 H0 (U,C) it induces an Hodge structure of weight 0 and for
GrWC

2 H1 (U,C) of weight 2.
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CHAPTER 2

Properties and Examples of Mixed Hodge Structures

In the last chapter, we saw that the cohomology of any smooth complex quasi-
projective variety is endowed with a mixed Hodge structure [De2]. Moreover,
Deligne extended the proof to the singular setting [De3]. In this chapter, we intend
to give some general properties of these structures. We will turn our attention to
those properties that can be used to the calculation of the dimensions of the compo-
nents of the mixed Hodge structure. For these reasons, this chapter will be rather
technical, but we hope to have provided a large enough set of examples to motivate
the reading. We will start by encoding the dimensions of the mixed Hodge decom-
position in a polynomial, the mixed Hodge polynomial, whose properties we cover in
the first section. Afterwards, these properties are used to calculate the mixed Hodge
poynomial of several varieties. Specially relevant is the case of smooth connected
linear algebraic groups, that will be used later on. In the second section, we will re-
strict our attentions to the E-polynomial, an easier invariant than the mixed Hodge
polynomial. We will also prove some of its properties, and use those to calculate the
E-polynomial of some classical Lie groups.

2.1. Mixed Hodge polynomial

Let us start by setting some notation for the components of the MHS and fix
some of its functorial properties.

Definition 2.1.1. Let U be a complex quasi-projective variety. We denote the
mixed Hodge components of the mixed Hodge structure on Hk (U,Q) by:

Hk;p,q (U) = GrpFGr
WC
p+qH

k (U,C)

and will call Weights to the pair p, q and Total Weight to p+ q.

Underneath, as we have done for the Hodge and weight filtrations, we will set up
some simple functorial properties of mixed Hodge structures. These will be mostly
a consequence of those respected by the filtrations.

Proposition 2.1.2. Let U, V be complex quasi-projective varieties. Then

(1) if f : U → V is an algebraic map, the pull-back f ∗ : Hk (V,Q)→ Hk (U,Q)
is a map of mixed Hodge structures;

(2) if U is smooth, the mixed Hodge structure is given by the Hodge and Weight
filtration defined in chapter 1. Moreover, these are independent of the cho-
sen compactification;

(3) the Künneth isomorphism is a map of mixed Hodge structures;
(4) the mixed Hodge structures are compatible with the cup product:

Hk;p,q (U) ^ Hk′;p′,q′ (U) ↪→ Hk+k′;p+p′,q+q′ (U) .

(5) the compact cohomology of U is also endowed with a mixed Hodge struc-
ture. Moreover, if U is smooth its cohomology is compatible with Poincaré
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Duality:

Hk;p,q (U) ∼=
(
H2n−k;n−p, n−q
c (U)

)∗
.

Proof. The first two points were already seen. The first part is given, respec-
tively, by (1) and (2) of Propositions 1.2.7 and 1.1.19. The second part is given by
(2) and (3) of the same results.

The other statements can be found in [PS]. Specifically, (3) and (4) are in
Theorem 5.44 and its Corollary 5.45, and (5) in Proposition 6.19. �

We will now focus on strategies to determine the dimensions of the mixed Hodge
components Hk;p,q (U). Recall that in the end of last chapter we calculated the mixed
Hodge structures of C and C∗ by following Deligne’s construction. Underneath, in
example 2.1.6, we will recover the dimensions of their mixed Hodge components
from the properties. As it happens for the dimensions of the cohomology group
of a manifold over a field, it will be useful to consider the following corresponding
definitions in this instance.

Definition 2.1.3. Let U be a complex quasi-projective variety. The dimensions
of the graded components Hk;p,q (U) are called (mixed) Hodge Numbers and denoted

hk;p,q (U) = dimCH
k;p,q (U) .

When referring to the compactly supported cohomology, these will be denoted by

hk;p,q
c (U) = dimCH

k;p,q
c (U) .

It is costumary to codify the Hodge numbers on a polynomial

µU (t, u, v) :=
∑
k,p,q

hk;p,q (U) tkupvq,

called the Mixed Hodge Polynomial (MHP). The version for the compactly supported
cohomology is denoted by

µcU (t, u, v) :=
∑
k,p,q

hk;p,q
c (U) tkupvq.

Recall that a mixed Hodge structure is given by two filtrations, whose graded
pieces satisfy some compatibility condition. Since the isomorphism class of vector
spaces is perfectly determined by its dimension, giving the dimensions of its compo-
nents is enough to recover the dimensions of the pieces of the filtrations. Nonetheless,
this clearly does not completely characterize the filtration, since giving the dimen-
sion of a sub-space does not tells us what the sub-space is. Even so, we will still
refer to the collection of the (mixed) Hodge numbers as the mixed Hodge structure.

Remark 2.1.4. One of the main applications of general Hodge theory is the
study of its variation in families. Many times in these instances the Hodge numbers
will be constant but the polarized Hodge filtration will vary. This happens because
polarized Hodge structures do not form a semi-simple category, contrary to complex
or rational mixed Hodge structures.

In the previous chapter, we saw several limitations on the nature of the weight
and Hodge filtration. Those set several restrictions on the possible non-trivial Hodge
numbers. Also important are the consequences of the fact that a mixed Hodge
structure is a pure Hodge structure of the correct grading, setting limitations on
the nature of the mixed Hodge polynomial. We will state this consequences in the
following proposition.
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Proposition 2.1.5. Let U be a complex quasi-projective variety. Then

(1) assume U is smooth and hk;p,q (U) 6= 0. Then 2k ≥ p+ q ≥ k ;
(2) assume hk;p,q (U) 6= 0, then p, q ≤ k. If U is projective, p + q ≤ k. In

particular, when U is smooth and projective one has p+ q = k;
(3) if k > n = dimC U then k − n ≤ p, q ≤ n;
(4) the mixed Hodge polynomial µU (t, u, v) is symmetric in u, v;
(5) the mixed Hodge polynomial is multiplicative for the direct product.

Proof. By definition one has

hk;p,q (U) = dimCH
k,p,q (U)

dimCGr
p
FGr

WC
p+qH

k (U,C) .

Then hk;p,q (U) 6= 0 ⇒ GrWC
p+qH

k (U,C) 6= 0. By (5) of Proposition 1.1.19, this
implies 0 ≤ p+q ≤ 2k. A proof of the fact p+q ≥ k can be found in [PS, Proposition
4.20].

Item (2) and (3) are proved in [PS, Theorem 5.39].
Point (4) is a consequence of the fact that the induced Hodge filtration on the

weight graded pieces is a pure Hodge structure. Finally, (5) is a consequence of the
Künneth isomorphism being an isomorphism of mixed Hodge structures. �

This result, although simple, may be used to a great extent for some of the cases
where the cohomology of the manifold is known.

Example 2.1.6. Assume U is a smooth connected complex manifold with dimC U =
1. This result gives us an alternative proof of the fact that the only non-trivial Hodge
number of a connected variety with degree k = 0 is h0;0,0. For degree k = 1, the first
point on the previous proposition tells us the possible non-trivial Hodge numbers
are h1,1,0 = h1,0,1 and h1,1,1. For k = 2, combining points (1) and (2), the only
possibility is h2;1,1. This is concordant with the fact that when U is compact, mixed
Hodge structures have to be compatible with Poincaré Duality.

If one assumes U = C∗, we get an alternative way of determining its mixed
Hodge numbers. One has h2,1,1 = 0, since H2 (U,C) = 0, and h0,0,0 = 1. Given
that H1 (U,C) = C and the mixed Hodge polynomial is symmetric on u and v, one
concludes that h1,1,1 = 1. In particular:

µC∗ (t, u, v) = 1 + tuv.

These results can also be used to show that diffeomorphic, one dimensional sim-
ply connected complex varieties U, V have the same Hodge numbers. This follows
since for k = 0, 2 there is only one possible Hodge number and for k = 1 both
cohomologies are by hypothesis zero.

Finally, one can determine the mixed Hodge polynomial of Cn\ {0}. This space
is homotopy equivalent to S2n−1, so its cohomology is given by

H∗ (Cn\ {0} ,C) =

{
C if k = 0, 2n− 1

0 otherwise
.

As for the case n = 1, we conclude that h0;0,0 = 1, ∃! p such that h2n−1;p,p = 1 and
all the other Hodge numbers are zero. We know that p ≤ 2n − 1 and 2p ≥ 2n − 1
by (3) of Proposition 2.1.5. Suppose now that n > 1, then 2n− 1 > n and therefore
n− 1 ≤ p ≤ n. Then we conclude

µCn\{0} (t, u, v) = 1 + t2n−1 (uv)n .
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Since mixed Hodge structures in cohomology may be though of as a functor
from the category of complex quasi-projective varieties to the abelian category of
mixed Hodge structures, they are invariant for complex algebraic isomorphisms. The
previous example could suggest they were indeed diffeomorphic invariants, but one
may use the previous proposition to give examples of diffeomorphic varieties with
distinct Hodge structures.

Example 2.1.7. Consider a trivial line bundle over an elliptic curve X ∼= C/Z2×
C. Using the complex exponential, one easily shows that X is diffeomorphic to (C∗)2

C/Z2 × C '−→ (C∗)2

(θ1 + i.θ2, x1 + i.x2) 7→ (exp (x1 + i.θ1) , exp (x2 + i.θ2)) .

From the Künneth isomorphism and the previous example, we have:

µ(C∗)2 (t, u, v) = (1 + tuv)2 = 1 + 2tuv + t2u2v2.

On the other hand, also by the Künneth isomorphism, X has to have the same
mixed Hodge structure as C/Z2. In particular, the previous example justifies that
the only non-trivial Hodge number for k = 2 of X is h2;1,1. One concludes that
although X and (C∗)2 are diffeomorphic, they do not have the same mixed Hodge
structure.

Remark 2.1.8. The above example is a special case (the genus 1, rank 1 case)
of the non-abelian Hodge correspondence mentioned in the Introduction, which pro-
duces diffeomorphisms between (Zariski open subsets) of moduli spaces of flat con-
nections and of Higgs bundles over a Riemann surface (see [HRV]).

There is a result in [De3] giving a characterization of the mixed Hodge structure
of connected complex linear algebraic groups. This characterization will be impor-
tant in chapter 7, where we will obtain formulas for the mixed Hodge polynomial
of symmetric products of connected complex linear algebraic groups. Underneath,
we follow this result by Deligne, stating in a way that will be convenient for our
application. For this, we will need a new notation. If V is a complex vector space
of dimension n, we denote the direct sum of its exterior products by

∧
V :=

n⊕
k=0

k∧
V.

Proposition 2.1.9. Let G be a complex connected linear algebraic group. Then
there is an isomorphism of graded algebras

H∗,∗,∗ (G,C) ∼=
m⊗
i=1

∧
〈ωi,1, · · · , ωi,ri〉C

where 〈ωi,1, · · · , ωi,ri〉C ∼= Cri and on the right hand side we are admitting the only
multi-graded structure compatible with both the exterior and tensor products obtained
by assigning (2i− 1, i, i) to each ωi,l. In particular, we obtain

µG (t, x) =
m∏
i=1

(
1 + t2i−1xi

)ri .
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Proof. Let G be a connected complex linear algebraic group. It is well known
that its cohomology is a finite dimensional Hopf algebra, taking for product the
cup-product and for coproduct the morphism

H∗ (G,C)→ H∗ (G,C) �H∗ (G,C)

obtained by the pull-back of the group multiplication G×G→ G. In [De3, Theorem
9.1.5], it is said that the primitive part of this Hopf algebra P ∗ (G) is a sub-mixed
Hodge structure of H∗ (G,C). Also, P 2i (G) ∼= 0 and the mixed Hodge structure of
P 2i−1 (G) is pure of total weight 2i. Moreover, one has an isomorphism∧

P ∗ (G) ∼= H∗ (G,C)

that is a morphism of mixed Hodge structures. Let m be the biggest integer such
that P 2m−1 (G) 6= 0. Notice also that there is an identification of the exterior product
on the left with the cup-product on the right. Let ri = dimC P

2i−1 (G), and for each
i such that ri 6= 0 let {ωi,1, · · · , ωi,ri} be a basis of P 2i−1 (G). Then one has an
identification of multi-graded algebras 0∧

P ∗ (G) :=
⊕
k

k∧
P ∗ (G)

∼= C � P 1 (G) �
2∧
P 1 (G) �

[
3∧
P 1 (G) � P 3 (G)

]
�

�

[
4∧
P 1 (G) � P 1 (G) � P 3 (G)

]
� · · ·�

�

[
2m−1∧

P 1 �
2m−4∧

P 1 � P 3 (G) � · · ·� P 2m−1

]
� · · ·

∼=
m⊗
i=1

∧
P 2i−1 (G)

=
m⊗
i=1

∧
〈ωi,1, · · · , ωi,ri〉C .

where on last step we are considering the only multi-graded structure that is com-
patible with the exterior and tensor products obtained by assigning (2i− 1, i, i) to
each ωi,l. In particular, we obtain an isomorphism of multi-graded algebras

H∗,∗,∗ (G,C) ∼=
m⊗
i=1

∧
〈ωi,1, · · · , ωi,ri〉C .

This graded algebra
∧
〈ωi,1, · · · , ωi,ri〉C coincides as a vector space withH∗ ((C∗)ri ,C).

The graded vector space H∗ ((C∗)ri ,C) is, by the Künneth isomorphism, generated
as a C-algebra by ri forms of degree 1 and weights (1, 1). Fixing {θ1, · · · , θri} as
one such basis, the identification above can be done by associating θl 7→ ωi,l. So, as
graded vector spaces one can obtain

∧
〈ωi,1, · · · , ωi,ri〉C by associating multi-degree

(2i− 1, i, i) to the generators of H∗ ((C∗)ri ,C). Since the cup product is compatible
with mixed Hodge structures, this implies

µG (t, x) =
m∏
i=1

(
1 + t2i−1xi

)ri
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as wanted. �

2.2. E-polynomial

If U is a smooth manifold, knowing its cohomology allows us to calculate its
Euler characteristic

χU =
∑
k

(−1)k bk,(2.2.1)

where bk are the Betti numbers of X. Indeed, the Euler characteristic is invariant by
any operation that leaves cohomology invariant. For instance, homotopic spaces have
the same Euler characteristic. On the other hand, the Euler characteristic satisfies
some properties that usually make it much easier to calculate than the cohomology
ring. One such property may be derived from the Leray-Serre spectral sequence of a
fibration, that we shall study in more detail in Chapter 4 (see Definition 4.1.6). In
that chapter, this spectral sequence is used to study the rational cohomology ring
of finite quotients.

If one has a fibration

Z ↪→ E → B

with connected base and orientable total space, the Euler characteristic satisfies
χE = χZ ×χB. Similar considerations may be used when dealing with mixed Hodge
structures.

Example 2.2.1. Consider the defining bundle of the projective space:

C∗ ↪→ Cn+1\ {0} → PnC.

Since

µC∗ (t, u, v)× µPnC (t, u, v) = (1 + tuv)

(
n∑
i=0

t2i (uv)i
)

=
n∑
i=0

t2i (uv)i + t2i+1 (uv)i+1

6= µCn+1\{0} (t, u, v)

= 1 + t2n+1 (uv)n+1

this fibration is not multiplicative for the mixed Hodge polynomial. On the other
hand, one has an equality

µC∗ (−1, u, v)× µPnC (−1, u, v) =
n∑
i=0

(uv)i − (uv)i+1

= 1− (uv)n+1

= µCn+1\{0} (−1, u, v)

= 1− (uv)n+1 .

One may also consider the compactly supported Euler characteristic: in the
smooth context this is formally calculated as 2.2.1 using the compactly supported
Betti numbers, bck = dimCH

k
c (U,C). For the compactly supported version, the Euler
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characteristic behaves additively for decompositions into locally closed subsets: if
U = X

⋃
Y , then

χcU = χcX + χcY − χcX⋂
Y .

Something similar may be obtained for mixed Hodge structures, the next example
being an illustration.

Example 2.2.2. Recall that the mixed Hodge polynomial of Cn+1\ {0} is given
by 1 + t2n+1 (uv)n+1, so applying Poincaré duality

µcCn+1\{0} (−1, u, v) = (uv)n+1 − 1

= µcCn+1 (−1, u, v)− µc{0} (−1, u, v) .

Notice also that:

µPnC (−1, u, v) =
n∑
i=0

(uv)i

=
n∑
i=0

µcCi (−1, u, v)

which agrees with the usual decomposition PnC = Cn
⊔
. . .
⊔
C0.

In the two previous examples we noticed a similar correspondence between the
specification of the mixed Hodge polynomial on t = −1 and the original MHP to
the Euler characteristic and the Poincaré polynomial. Given that

χU = µU (−1, 1, 1) ,

this might not sound that surprising. These correspondences motivate the following
definition and terminology.

Definition 2.2.3. Let U be a complex quasi-projective variety. We call to the
specification of µU (t, u, v) at t = −1 Euler-Deligne Polynomial. Many times we will
abbreviate it to E-polynomial , and denote it by

EU (u, v) := µU (−1, u, v)

=
∑
k,p,q

(−1)k hk;p,qupvq.

As before, when referring to the compactly supported cohomology we use the nota-
tion Ec

U (u, v).

Remark 2.2.4. Having always even real dimension, the compactly supported
and usual Euler characteristics coincide for a smooth complex manifold. That is
no longer the case for the E-polynomial, as the simple case of the complex n-space
demonstrates:

ECn (u, v) = µCn (−1, u, v)

= 1

6= Ec
Cn (u, v)

= (uv)n .

We will now sum up some of the properties of the E-polynomial.

Proposition 2.2.5. Let Z,E and B be complex quasi-projective varieties. One
has:
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(1) χB = EB (1, 1);
(2) assume B is connected and smooth. Then the degree of Ec

B (u, v) equals
2 dimCB;

(3) suppose B = B1

∐
B2, for two locally closed subsets B1 and B2. Then

Ec
B (u, v) = Ec

B1
(u, v) + Ec

B2
(u, v) ;

(4) assume

Z ↪→ E → B

is an algebraic fibration between smooth algebraic quasi-projective varieties,
not necessarily locally trivial in the Zariski topology. If Z is connected and
the monodromy is trivial, then

E∗E (u, v) = E∗Z (u, v)× E∗B (u, v) .

Proof. The first point follows from the definitons. For the second, since B is
connected its E-polynomial for the usual cohomology has constant term equal to 1.
Then the result follows from B satisfying Poincaré duality, since the constant term
will correspond to h2n;n,n

c = 1 in the compactly supported cohomology.
For the third, consider the long exact sequence for the compactly supported

cohomology associated to the decomposition B = B1

⋃
B2:

. . .→ Hk
c (B1,C)→ Hk

c (B,C)→ Hk
c (B2,C)→ Hk+1

c (B1,C)→ . . .

The maps in this sequence are maps of mixed Hodge structures. Then using the
exactness of the functor H 7→ Hp,q one gets a sequence of mixed Hodge components:

. . .→ Hk;p,q
c (B1,C)→ Hk;p,q

c (B,C)→ Hk;p,q
c (B2,C)→ Hk+1;p,q

c (B1,C)→ . . .

Using that the alternate sum of the dimensions of an exact sequence of vector spaces
has to be zero, this gives us∑

k

(−1)k hk;p,q
c (B) =

∑
k,i

(−1)k hk;p,q
c (Bi) .

Then

Ec
B (u, v) =

∑
k,p,q

(−1)k hk;p,q
c (B)upvq

=
∑
p,q

(∑
k

(−1)k hk;p,q
c (B)

)
(upvq)

= Ec
B1

(u, v) + Ec
B2

(u, v)

as we wanted.
The last point’s proof concerns the Leray-Serre spectral sequence associated with

the fibration Z ↪→ E → B and some notions of group cohomology. These will
be introduced when we talk about equivariant cohomology in Chapter 4. Also, in
Chapter 5 we will introduce a generalization of this polynomial, the equivariant E-
polynomial, and prove a version of this result for this generalization (Proposition
5.2.4). For these reasons, we will postpone this proof to the proof of Proposition
5.2.4. In here, the monodromy condition is re-stated as an equivalent statement
easier to handle on that context - the system of local coefficients determined by the
fibre on the base being simple (Definition 4.1.7). �
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As an example of application, let us use this result to calculate the E-polynomials
of some classical complex Lie groups. For reasons to be detailed in the end of the
chapter, we will calculate the E polynomial for the compactly supported cohomology.

Example 2.2.6. Let V n
k denote the Stiefel manifold of k-linearly independent

vectors on Cn. This is given by

V n
k := {A ∈Mn×k (C) |A∗A = Ik} ,

where Mn×k (C) stands for the set of n × k matrixes with complex entries and A∗

denotes the transpose conjugate of the complex matrix A. Consider the fibration:

Cn\Ck−1 ↪→ V n
k −→ V n

k−1

A 7→ Ã

where Ã is obtained from A by deleting the last column. This fibration is locally
trivial for the Zariski topology [Hus, Theorem 3.8], hence it has trivial monodromy.
Applying the previous result, one gets

Ec
V nk

(u, v) = Ec
V nk−1

(u, v)× (Ec
Cn (u, v)− Ec

Ck−1 (u, v))

= Ec
V nk−1

(u, v)×
(

(uv)n − (uv)k−1
)
.

Since V n
1 = Cn\ {0}, one may apply induction to get:

Ec
V 1
n

(u, v) = (uv)n − 1

Ec
V 2
n

(u, v) = ((uv)n − 1) ((uv)n − (uv))

. . .

Ec
V kn

(u, v) =
k−1∏
i=0

(
(uv)n − (uv)i

)
.

In particular, we conclude that the E polynomial of GL (n,C) = V n
n is given by

Ec
GL(n,C) (u, v) =

n−1∏
i=0

(
(uv)n − (uv)i

)
.(2.2.2)

Consider now the fibre bundle

SL (n,C) ↪→ GL (n,C)
det−→ C∗

This is a SL (n,C) principal bundle (see Definition 4.1.3) and such bundles have
trivial monodromy. Given that SL (n,C) is connected, this assures this filtration
satisfies the conditions of (4) of Proposition 2.2.5, and one gets

Ec
SL(n,C) (u, v) =

Ec
GL(n,C) (u, v)

Ec
C∗ (u, v)

=

(
n−1∑
i=0

(uv)i
)

n−1∏
i=1

(
(uv)n − (uv)i

)
.

We will now dedicate ourselves to the calculation of the E-polynomial of the
complex orthogonal group O (n,C). For this, we shall use a result by J. Steen-
brink on the mixed Hodge structure of affine hyper-surfaces given by the zero-set of
some quasi-homogeneous polynomial. To set this, we will require some preliminary
considerations.
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Let f ∈ C [z0, z1, . . . , zn] be a quasi-homogeneous polynomial of type (w0, . . . , wn) ∈
Qn+1, meaning

f (λw0z0, . . . , λ
wnzn) = λf (z0, . . . , zn) , ∀λ ∈ C∗.

With this, we get the following result:

Theorem 2.2.7. (Steenbrink, 1977) Let f ∈ C [z0, z1, . . . , zn] be a quasi-homogeneous
polynomial with an isolated singularity at the origin. Then the variety

Vf := C [z0, z1, . . . , zn] / (f − 1)

satisfies:

GrWk H
n (Vf ) = 0

for k 6= n, n+ 1.

Proof. This result is part of [Ste, Theorem 1]. �

Since we are interested in the compactly supported cohomology, it will be useful
to consider the compact version of this result:

Corollary 2.2.8. Let f ∈ C [z0, z1, . . . , zn] be a quasi-homogeneous polynomial
with an isolated singularity at the origin and such that Vf := C [z0, z1, . . . , zn] / (f − 1)
is smooth. Then hn,p,qc (Vf ) = 0 for all p, q such that p+ q 6= n, n− 1.

Proof. Since f is in the conditions of the last result and Vf is smooth, it suffices
to apply Poincaré duality. �

We are now in conditions to establish the Euler-Deligne polynomial of the or-
thogonal group O (n,C).

Example 2.2.9. Before solving for general n, let us handle the cases n = 1, 2.
The complex Lie group O (1,C) is just the points 1,−1 ∈ C∗, so Ec

O(1,C) (u, v) = 2.

To deduce the Euler-Deligne polynomial of O (2,C), let SnC be the complex n-sphere
and consider the following fibration

(2.2.3) SnC ↪→ O(n+ 1,C)→ O(n,C)

which is locally trivial in the Zariski topology. The last part of Proposition 2.2.5
tells us that Ec

O(2,C) (u, v) = Ec
S1
C

(u, v)×Ec
O(1,C) (u, v) = 2Ec

S1
C

(u, v). The compactly

supported cohomology of SnC is

(2.2.4) Hk
c (SnC) =

{
0 k 6= n, 2n

C k = n, 2n
,

since it can be shown that it is diffeomorphic to T ∗SnR
∼=dif S

n
R × Rn. For the usual

cohomology we have h0;0,0 (S1
C) = 1, and so we get that the pair of weights associated

to k = 2 is (1, 1). Recalling example 2.1.6 and the fact that dimCH
1(SnC) = 1, we

see the only non-trivial Hodge number for the usual cohomology is h1;1,1 = 1. Then
by Poincaré duality the only non-trivial Hodge number for the compactly supported
cohomology associated to degree 1 is h1;0,0

c . In particular we conclude that

Ec
O(2,C) (u, v) = 2 (uv − 1) .

Consider the homogeneous, hence quasi-homogeneous, polynomial f = z2
0 + ...+

z2
n. It satisfies the conditions of Theorem 2.2.7, so suggestively denote by Vf = SnC.

From the description 2.2.4, we conclude that the mixed Hodge structure of SnC has
to be diagonal, hk;p,q

c 6= 0 ⇒ p = q. This happens since in each total weight
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GrWC
p+qH

k
c (SnC) the mixed Hodge structure is a pure one. This characterization already

tells us that the only Hodge numbers that can differ zero are of the type hn,p1,p1c and
h2n,p2,p2
c , for some p1, p2. Noticing that h2n;p2,p2

c corresponds in the usual cohomology
to h0;0,0, we get p2 = n. To get p1, our theorem indicates we should distinguish the
cases according to the parity of n.

(1) Even case
Assume n = 2m. For this case, Corollary 2.2.8 implies that the only

hn,p1,p1c that can be different from zero are those for which 2p1 is either
n− 1 or n. Then hn,m,mc = 1, and all the other are zero. Conjugating these
facts we obtain Ec

SnC
(u, v) = (−1)n hn,m,mc (uv)m + h2n;n,n (uv)n = (uv)n +

(−1)n (uv)m.
(2) Odd case

Assume n = 2m + 1. The Corollary 2.2.8 tells us the only hn,p1,p1c that
can be different from zero are those for which 2p1 is either n − 1 = 2m or
n = 2m + 1. Then hn,m,m = 1 and all the other are zero. In particular,
Ec
SnC

(u, v) = (−1)nhn,m,mc (uv)m + (−1)2nh2n,n,n (uv)n = (uv)n − (uv)m .

These characterizations together with (4) of Proposition 2.2.5 applied to the fibration
2.2.3, gives us by induction:

Ec
O(n,C) (u, v) =


2((uv)m − 1)

m−1∏
i=1

((uv)2m − (uv)2i) if n = 2m

2 (uv)m
m−1∏
i=0

((uv)2m − (uv)2i) if n = 2m+ 1
.

As is detailed in the introduction, mixed Hodge structures were brought up by
Deligne as a side-result of his pursue of a proof for the local Riemann hypothesis.
These connections to number theory largely influenced the theory over complex
manifolds, and for a long time most calculations were made by techniques based
on counting points over finite fields. The results (3) and (4) of Proposition 2.2.5
are examples of a more recent topological and geometrical approach, of which the
papers [LMN, LMu, MMau] provide good examples. Although the arithmetic
techniques are less relevant to the work in this thesis, we would like to give at least
one of the main connections with mixed Hodge structures. For this, we will require
a definition on the nature of the Hodge numbers, of whom several examples were
found along this chapter.

Definition 2.2.10. Let U be a complex quasi-projective variety. If its mixed
Hodge structure satisfies hk;p,q 6= 0 ⇒ p = q, then we say that U is Balanced or of
Hodge-Tate Type and its mixed Hodge structure is Diagonal.

Remark 2.2.11. We made this definition for the usual cohomology, but for
smooth varieties it can be equivalently stated for the compactly supported cohomol-
ogy. If a complex quasi-projective variety U has a diagonal compactly supported
mixed Hodge structure, we will also say it is of Hodge-Tate type, whether it satisfies
Poincaré duality or not.

Remark 2.2.12. If U is balanced we will adopt a usual change of variables
x = uv in both the E and the mixed Hodge polynomial.

For the calculation of the E polynomial of the orthogonal group, it was crucial
that the cohomology spaces of SnC were 1-dimensional. This fact allowed us to
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conclude that its mixed Hodge structure is diagonal. Actually, it is no surprise
that most examples considered here have a diagonal MHS: it is not only a useful
simplification, it is also a common one. For instance, complex linear groups all have
diagonal mixed Hodge structures, as was noted by Deligne in [De3]. This definition
is also closely related to an application of number theory to mixed Hodge structures,
that we will now cover.

Definition 2.2.13. Let X be a complex variety. A spreading out of X is a
separated scheme X over a finitely generated Z-algebra R with a map φ : R ↪→ C,
such that the extension of scalars satisfies Xφ ' X. We say that X has Polynomial
Count if there is a polynomial PX (t) ∈ Z [t] and a spreading out X such that for
every homomorphism φ : R → Fq to a finite field, for allmost all q, the number of
Fq points of the scheme Xφ is

#Xφ (Fq) = PX (q) .

Theorem 2.2.14. (Katz, 2008) Let X be a variety over C. Assume X has
polynomial count with counting polynomial PX (t) . Then X is of Hodge-Tate type
and its E-polynomial is given by

Ec
X (x) = PX (x) .

Proof. A proof may be found in [HRV, Appendix]. In here, to be polynomial
count Katz requires PX to count the number of points of X (Fq) for all q. This
version is a slight improvement obtained in [DiLe]. �

As a simple consequence of the Katz theorem 2.2.14, we have the following result.

Corollary 2.2.15. The complex classical Lie groups are balanced varieties, and
their E-polynomials coincide with their counting polynomials. So,

(1) Ec
GL(n,C) (x) =

∏n−1
k=0

(
xn − xk

)
;

(2) Ec
SL(n,C) (x) = (1 + . . .+ xn−1)

∏n−1
k=1

(
xn − xk

)
;

(3) Ec
O(m,C) (x) =


2(xn − 1)

n−1∏
i=1

(x2n − x2i) if m = 2n

2xn
n−1∏
i=0

(x2n − x2i) if m = 2n+ 1

In (3), for the even case this equality is only valid if −1 is a root in Fq.

Proof. That these varieties are polynomial count with these counting polyno-
mials is a well known fact. The consequences for the E-polynomial are an application
of Katz’ theorem. �
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CHAPTER 3

Varieties by type of Hodge numbers

In this chapter, we will introduce some simple definitions based on the nature
of Hodge numbers. Specifically, we will focus on those properties that allows us
to replace the calculation of the mixed Hodge polynomial by a simpler invariant,
such as the E-polynomial. This is inspired by [DiLe2], where similar considerations
are made in order to recover the mixed Hodge polynomial from the weight polyno-
mial - the polynomial codifying the alternate sum in k of the graded weight pieces
GrWC

m Hk (X,C). This work is contained in the pre-print [FLS].

3.1. Separably pure varieties

In order to motivate the type of simplification we are looking for in this chapter,
consider example 2.2.9. In here, the fact that the cohomology degrees of SnC are
1-dimensional vector spaces forces the associated MHS to be diagonal. This simpli-
fication is then a key aspect in the calculation of the MHS of the orthogonal group.
Having a diagonal MHS can be seen as a first example of the type of definitions we
are looking for - in this case the E and mixed Hodge polynomial satisfy some impor-
tant simplifications. Those varieties are called balanced and were already considered
in the previous chapter. We will start this chapter by stating some basic properties
of balanced varieties.

Proposition 3.1.1. Let U, V, Z be complex quasi-projective varieties. Then:

(1) let
Z ↪→ U → V

be an algebraic fibration satisfying the conditions of (4) of Proposition 2.2.5.
Then if Z and V are balanced, so is U ;

(2) let U = V
∐
Z be a decomposition into locally closed subsets. Then if two of

the envolved varieties are balanced for the compactly supported cohomology,
so is the third one;

(3) assume every degree of the complex cohomology of U is 1-dimensional. Then
U is balanced.

Proof. The first item, as (4) of Proposition 2.2.5, requires notions on the Leray-
Serre spectral sequence of this fibration. For this reason, we also postpone this proof
to the proof of Proposition 5.2.4.

To prove (2), recall that in proving (3) of Proposition 2.2.5, we used the long
exact sequence

. . .→ Hk;p,q
c (V,C)→ Hk;p,q

c (U,C)→ Hk;p,q
c (Z,C)→ Hk+1;p,q

c (V,C)→ . . .

associated to the decomposition U = V
∐
Z. From this sequence it immediately

follows that if two of these varieties are balanced, so is the third one.
The third point was already justified in example 2.2.9: if Hk (U,C) is one dimen-

sional its MHS has to be a trivial decomposition. Consequently, the result follows
from the symmetry of Hodge numbers for the weights. �
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Remark 3.1.2. The point (2) above applies for the compactly supported coho-
mology, since the exact sequence

. . .→ Hk;p,q
c (V,C)→ Hk;p,q

c (U,C)→ Hk;p,q
c (Z,C)→ Hk+1;p,q

c (V,C)→ . . .

does not exist for the usual version. For a complex smooth quasi-projective variety -
actually, for any complex quasi-projective variety satisfying Poincaré duality - being
balanced for the compactly supported cohomology is equivalent to being balanced
for the usual cohomology. For this reason, at least in the case all related varieties
are smooth, this result also applies for the usual cohomology.

Example 3.1.3. In examples 2.2.6 and 2.2.9 we calculated the Euler-Deligne
polynomials of the classical Lie groups GL (n,C), SL (n,C) and O (n,C). In doing
so, we verify those only depend on the product uv. These are balanced varieties,
but this property cannot be deduced from this fact. This is due to the possibility of
different degrees of cohomology having equal associated weights, canceling them out
in the E-polynomial. One can deduce their Hodge-Tate nature by using Theorem
2.2.14, or alternatively using the original description provided in [De3, Theorem
9.1.5]. Another possible way to deduce this fact is by using the previous Proposition.
We will do so in the rest of this example.

For G = GL (n,C), consider the fibration provided in example 2.2.6

Cn\Ck−1 ↪→ V n
k −→ V n

k−1.

Combining (3) of the last Proposition and the fact that Cm is balanced gives bal-
ancedness of Cn\Ck−1 and of V n

1 = Cn\ {0}. Then, since V n
n = GL (n,C), the result

follows by induction. This fact and the fibration

SL (n,C) ↪→ GL (n,C)
det−→ C∗

described in example 2.2.6, allows us to conclude SL (n,C) is balanced.
For G = O (n,C), consider the same filtration as in example 2.2.9

SnC ↪→ O(n+ 1,C)→ O(n,C).

As was mentioned in this result, the reasons advanced in (3) of the last Proposition
imply that SnC is balanced. Moreover, O(1,C) being given by just two points is also
balanced. Then the balancedness of O (n,C) follows by induction.

The mixed Hodge structures on cohomology may well be trivial, meaning the
decomposition of each Hk is the trivial one. Many such examples are considered
in here, and more will be in the second part of the thesis. Specially important
is chapteer 5, where the characterizations of complex algebraic varieties by their
type of Hodge numbers will play a crucial role. For a variety whose MHS is a
trivial decomposition, much of what can be said about their cohomology can also
be transported to their mixed Hodge polynomial. For this reason, we will name
these varieties elementary, afterwards providing examples on how can one recover
the mixed Hodge polynomial from the Poincaré. It is also worth while noticing that
such a variety is necessarily Hodge-Tate type, due to the symmetry on weights.

Definition 3.1.4. A quasi-projective variety U is called elementary if its mixed
Hodge structures are trivial decompositions of the cohomology, so that for every
k ∈ N there is only one pair of k-weights (p, p), for some p.

In other words, U is elementary if it is balanced and there is a Weight Function

k 7→ (pk, pk) ,
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(defined for every k with Hk(X,C) 6= 0) such that hk,p,q = 0 for every pair (p, q) not
equal to (pk, pk).

Example 3.1.5. In the previous chapter we saw some examples of elementary
varieties, namely X = C, C∗ and Cn or Cn\ {0} (Example 2.1.6). Another well
known example is given by the complex projective space, whose (mixed) Hodge
polynomial is given by

µPnC (t, x) =
n∑
i=0

t2ixi.

In all these examples we might have concluded its elementary nature by the fact
that all cohomology degrees are one dimensional. For another example, one may
consider GL (n,C). The Poincaré polynomial of GL(n,C) is well known, given by

PGL(n,C) (t) =
n∏
j=1

(
1 + t2j−1

)
.

On the other hand, using Poincaré duality and equation 2.2.2

EGL(n,C) (x) =
n−1∏
i=0

(
1− xn−i

)
.

So for n = 2 we obtain

PGL(2,C) (t) = 1 + t+ t3 + t4.

Then GL(2,C) is elementary, by (3) of Proposition 3.1.1. Using the fact that

EGL(2,C) (x) = 1− x− x2 + x3

and the limitations in weights for the usual cohomology provided in (1) of 2.1.5, we
get

µGL(2,C) (t, x) = 1 + tx+ t3x2 + t4x3.

We can also use this example to show that being elementary is not a property
preserved by cartesian product. For instance

µ(GL(2,C))3 (t, x) = 1 + 3tx+ 3t2x2 + t3
(
x3 + 3x2

)
+ 9t4x3 + 9t5x4 + t6

(
3x4 + 3x5

)
+9t7x5 + 9t8x6 + t9

(
3x7 + x6

)
+ 3t10x7 + 3t11x8 + t12x9.

Then GL (2,C) is elementary but its cubic product is not. This is not elementary
because the MHS of (GL(2,C))3 is not a trivial decomposition for the degrees k =
3, 6 and 9, as can be seen above.

For n = 3 we have

PGL(3,C) (t) = 1 + t+ t3 + t4 + t5 + t6 + t8 + t9

so as for n = 2, GL(3,C) is elementary. As for n = 2, we can use the fact that

EGL(3,C) (x) = 1 + x− x2 + x4 + x5 − x6

and limitations on weights to conclude

µGL(3,C) (t, x) = 1 + tx+ t3x2 + t4x3 + t5x3 + t6x4 + t9x6.

For n = 4 we cannot use this reasoning, since the degree 8 cohomology has
dimension 2. A complete description is provided in [De3, Theorem 9.1.5],
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µGL(n,C) (t, x) =
n∏
j=1

(
1 + t2j−1xj

)
.

In particular,

µGL(4,C) (t, x) = 1 + tx+ t3x2 + t4x3 + t5x3 + t6x4 + t7x4 + 2t8x5 +

+t9x6 + t10x6 + t11x7 + t12x7 + t13x8 + t15x9 + t16x10

So GL(n,C) is also elementary for n = 4. This case is specially interesting, since it is
a first example of a variety that is elementary, although not all cohomological groups
are 1 dimensional (dimCH

8 (GL(n,C),C) = 2). For other values of n, the expansion
of µGL(n,C) (t, x) easily shows that GL(n,C) is not elementary - for instance, the
cohomology of degree 9 will always have at least two total weights associated: 2×5 =
10, coming from the factor 1 + t9x5, and 2× 6 = 12, coming from the multiplication
of the first three factors (1 + tx) , (1 + t3x2) and (1 + t5x3).

The following properties are immediate from the definition, and most of which
were already deduced in the examples.

Proposition 3.1.6. Let U be a complex quasi-projective variety. Then

(1) if U is an elementary variety with weight function k 7→ (pk, pk), the only
non-trivial mixed Hodge components are Hk,pk,pk (U), and:

GrWC
2pk
Hk(U,C) = Hk,pk,pk (U) = Hk(U,C);

(2) if U is elementary, then it is of Hodge-Tate type;
(3) if U is smooth and projective, it is elementary if and only if it is balanced;
(4) if all complex cohomology degrees of U are one-dimensional, U is elemen-

tary;
(5) if U is elementary with known weight function k 7→ (pk, pk), one can recover

the mixed Hodge polynomial from the Poincaré.

Proof. The first, fourth and last points follow from the definition. The second
point was already commented on, and is basically a consequence of the conjugation
duality Hk;p,q (U) = Hk;q,p (U).

To prove (3), notice that for a smooth projective variety being elementary is
the same as having k 7→ (k/2, k/2) for weight function. Since the total weights in
Hk (U,C) are always k, the same characterization applies for being balanced, and
so the result follows. �

The fifth point of Proposition 3.1.6 is what make elementary varieties interesting,
as one can recover their mixed Hodge polynomials from the Poincaré polynomial.
However, the weight function cannot be used to recover µX from the E-polynomial,
since different degrees of cohomology may have equal total weights. For this, one
makes the extra requirement that each total weight associated to each degree of
cohomology is unique. This uniqueness of weights happens for smooth projective
varieties, and for those one clearly can recover the MHP from the E-polynomial. For
elementary varieties, this means the weight function k 7→ (pk, pk) has to be injective,
in which case (1) of Proposition 3.1.6 takes the stronger form:

GrWC
2pk
H∗(X,C) = H∗(X,C).

Notice that the elementary condition is not necessary to recover the MHP from the
E. The elementary condition secures there is an onto relation between degrees and
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total weights, that is designed to recover the MHP from the Poincaré polynomial.
But to recover it from the Euler-Deligne polynomial, one has to have a relation the
other way around: this is what happens for projective varieties, where the total
weight defines the degree of cohomology. The condition we want is a slight twist on
this one. As mentioned, all these considerations were inspired by [DiLe2], were a
definition is made to enable the recovery of the MHP from the Weight Polynomial
- fixing wk;p := dimCGr

WC
p Hk(X,C), that we shall denote by Weight Numbers , this

is the polynomial given by

WX (y) :=
∑
k.p

(−1)kwk;pyp.

This is also a specialization the E-polynomial by setting WX(y) = EX(y, y), since
wk;p̃ =

∑
p+q=p̃ h

k;p,q. The mentioned definition is the following:

Definition 3.1.7. A variety X is said to be Separably Pure if the mixed Hodge
structure on each Hk (X,C) is in fact pure of total weight wk, such that wj 6= wk for
every j 6= k. In this case, and by contrast with the weight function, one can define
a Degree Function (p, q) 7→ k = k(p, q) (defined whenever (p, q) is a weight of X).
Noting that, in fact, the degree only depends on the total weight p+ q we can write
this as (p, q) 7→ kp+q.

Remark 3.1.8. A pure Hodge structure of weight k on Hk (X,Q) means that the
only non-zero weight summand is GrW2kH

k (X,Q), and the total weights are different
for different cohomology degrees. So, a pure total cohomology is separably pure (in
particular compact Kähler manifolds are separably pure), but not conversely, as the
case C∗ shows, Example 2.1.6.

The existence of a degree function is obviously equivalent to the possibility of
recovering the MHP from the weight. Since this is a specialization of the E, the
same happens for these, so separably pure is the condition we were looking for.
As mentioned, if we wanted a similar result for the E in the elementary case, a
possibility would be to require the existence of an injective weight function. Notice
that an elementary variety is quite close to being separably pure - the demand that
the MHS on each Hk is trivial necessarily forces it to be pure. On the other hand,
if one requires the weight function to be injective, each total weight in each degree
of cohomology have to be distinct. Indeed these considerations are all connected, as
the following result shows:

Proposition 3.1.9. A quasi-projective variety X is separably pure and balanced
if and only if it is elementary and its weight function k 7→ (pk, pk) is injective.

Proof. If X is separably pure, the total weight in each Hk(X,C) has to be
constant. But if X is also balanced, there can be only one non-trivial pair of weights
(and with even total weight), so X is elementary. Moreover, since the total weights
are different for distinct k, the weight function is injective. The converse statement
is analogous. �

Example 3.1.10. A family of balanced and pure varieties (hence elementary) are
the projective spaces PnC. Since H2j(PnC,C) ∼= C, for j = 0, · · · , n, (zero cohomology
otherwise), and PnC are compact Kähler manifolds, their cohomology is pure, and we
have:

µPnC (t, x) =
n∑
j=0

t2jxj.
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We conclude that the weight function is 2j 7→ (j, j). More generally, every smooth
projective toric variety X is also pure and balanced. If X has dj orbits in (complex)
dimension j has

EX,c(t, x) =
n∑
j=0

dj(x− 1)j

(See [PS, Ex. 5.58]) n being the complex dimension of X. One can deduce this by
using (3) of Proposition 2.2.5 applied to the decomposition of X into its orbits for
the (C∗)n action. Since we are assuming X is smooth and projective, it follows that

(3.1.1) µX(t, x) =
n∑
j=0

dj(t
2x− 1)j.

As in the case of the complex affine multiplicative group C∗, more general com-
plex affine algebraic groups are balanced, but not necessarily pure or separably pure.

Example 3.1.11. Recalling Example 3.1.5,

µGL(3,C) (t, x) = 1 + tx+ t3x2 + t4x3 + t5x3 + t6x4 + t9x6,

So, GL(3,C) although being elementary it is not separably pure. In fact, the degrees
4 and 5 always have associated total weight 6, so GL(n,C) is not separably pure for
n ≥ 3.

The above examples show that this“yoga of weights”, as termed by Grothendieck
(see https://webusers.imj-prg.fr/˜leila.schneps/grothendieckcircle/Letters/GtoF.pdf,
this is the URL of a letter from Grothendieck to Faltings), is very useful in under-
standing general properties of certain classes of varieties. When we know that a
particular variety X has a degree or a weight function as above, we can determine
its full Degree-Weight Table: the collection of triples (k, p, q), such that hk,p,q(X) 6= 0.

The next result shows that elementary and separably pure are indeed the correct
notions to be able to determine the mixed Hodge polynomial from the Poincaré or
the E-polynomial, respectively.

Theorem 3.1.12. Let X be a quasi-projective variety of dimension n, with known
degree-weight table.

(1) If X is elementary, the mixed Hodge polynomial can be recovered from the
Poincaré polynomial (given its weight function).

(2) If X is separably pure, the mixed Hodge polynomial can be recovered from
the E-polynomial (given its degree function).

Proof. For (1), since the only non-trivial mixed Hodge pieces are Hk,pk,pk(X),
the Poincaré polynomial being PX (t) =

∑
k bkt

k implies µX (t, x) =
∑

k bkt
kxpk .

We already commented on the validity of (2). For an alternative proof, notice
the total weights are in a 1 : 1 relation with the degrees of cohomology. So if one
has EX(u, v) =

∑
p,q ap,qu

pvq, then µX(t, u, v) =
∑

k,p,q ap,q(−t)kp+qupvq. �

3.2. Round varieties

Within the class of balanced and separably pure varieties, µX can be recovered
from both EX or PX . The compact Kähler pure case gives a quite concrete example
of a separably pure variety, since in this case the degree function takes the specific
form (p, q) 7→ p + q. Another specially interesting case is when the variety is also
balanced, and the degree function takes the simple form (p, p) 7→ p.
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Definition 3.2.1. Let X be a quasi-projective variety. If the only non-zero
components of its mixed Hodge structure are Hp,p,p (X), for some p, we say that X
is Round.

Remark 3.2.2. (1) A round variety is both elementary and separably pure, and
its weight function is just k 7→ pk = k.
(2) A round variety X has a mixed Hodge polynomial of the form:

µX (t, x) =
n∑
p=0

hp,p,p(X)(tx)p.

If X happens to be smooth and round, its compactly supported cohomology has
non-zero Betti numbers hn+p,p,p

c and mixed Hodge polynomial

µcX (t, x) = tn
n∑
p=0

hn+p,p,p
c (X)(tx)p.

If the mixed Hodge structure of the compactly supported cohomology of a complex
variety Y satisfies this, being smooth or not, we also say Y is a Round variety.

At a first sight, round varieties are simply separably pure ones with a specific
degree function. The key distinction is that being round is a property preserved by
cartesian product, and elementary is not (Example 3.1.5). This will be particularly
relevant in chapter 6 and 7, where the mixed Hodge polynomial of some symmetric
products of round varieties are obtained.

Lemma 3.2.3. Let X, Y be round varieties, then so is X × Y .

Proof. Being round can be expressed as the mixed Hodge polynomial being
a polynomial in the product tuv = tx, so this result follows from the Künneth
isomorphism. �

Example 3.2.4. From previous examples, both Cn and C∗ are round varieties.
On the other hand, the complex projetive spaces PnC (more generally, projective toric
varieties - example 3.1.10) are pure and balanced but not round.

It will be useful to get a concrete relation between Hodge polynomials for round
varieties, as they will be our main target in the rest of the thesis.

Proposition 3.2.5. Let X be an elementary quasi-projective variety of dimen-
sion n, with known weight function k 7→ (pk, pk). Then if X is round the relations
between Poincaré, E, mixed Hodge and weight poylnomials are given by

µX (t, x) = PX (tx) = EX (−tx)

Proof. A round variety is simultaneously balanced, separably pure and elemen-
tary. Thus this can be deduced from the proof of (1) and (2) in Theorem 3.1.12, by
noticing that in this instant the weight function is given by k 7→ 2k and its degree
function by w 7→ w/2. �

Remark 3.2.6. If X is round and satisfies Poincaré Duality, the relation between
polynomials for the compactly supported cohomology is given by

µcX (t, x) = x−nP c
X (tx) = (−1)n tnEc

X (−xt) .
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Part 2

Mixed Hodge Structures on Finite
Quotients





CHAPTER 4

Equivariant cohomology

Let X be a G-manifold, for G a topological group, meaning the group G acts
continuously on X. In this chapter we will attempt to draw some conclusions on the
cohomology of X/G, by considering the induced action of Gy H∗ (X,C). Our main
motivation is an attempt to calculate the mixed Hodge structures of some character
varieties that can be described by a finite quotient, so we will restrict our attention
to finite groups. It will become apparent that the induced action G y H∗ (X,C)
encodes all the necessary information to deduce H∗ (X/G,C). This work goes back
to A. Grothendieck [Gro], but we were also largely motivated by the work of I. G.
Macdonald [Mac] and J. Cheah.

Let X be a topological G-space and F a sheaf of functions on X with values in
a R-module, for R an abelian ring. The cohomology of X with values in F can be
obtained as the derived functors of the sheaf of global sections Γ. In other words, if
0→ F → F∗ is an acyclic resolution of F , then its cohomology can be obtained by
considering the cohomology of the complex

0 // F (X) // F1 (X) // F2 (X) // . . . .

Each g ∈ G induces an automorphism of X, giving by composition a sheaf morphism
F → F . This induces in a unique way a morphism between derived functors,
and thus an endomorphism of degree 0 of graded R-modules in cohomology. This
associated morphism g∗ : H∗ (X,F) → H∗ (X,F) is also the one induced on the
cohomology of the complexes

0 // F (X) //

◦g
��

F1 (X) //

◦g
��

F2 (X) //

◦g
��

. . .

0 // F (X) // F1 (X) // F2 (X) // . . .

.

called the induced G-action on cohomology. In the case where F has values in a
vector space, this is indeed a representation of G. In this chapter we intend to
characterize the cohomology ring of the space of orbits, X/G, with values in the
locally constant sheaf of locally constant functions with image in a field of charac-
teristic 0. For instance, for X = C∗, the action of the symmetric group Z/2Z on the
cartesian product X2, −1 acting by multiplication, is a free and properly discon-
tinuous action. Then X/ (Z/2Z) ∼= C has a natural smooth structure given by the
projection map π : X2 → X2/ (Z/2Z). Moreover, the smooth forms on the quotient
X2/ (Z/2Z) are those of X2 that are invariant under the Z/2Z action. Using the
Künneth isomorphism is not difficult to see this is also the case for the cohomology
classes: those are given by the space of invariant forms under the induced Z/2Z
action, H∗ (X2,R)

Z/2Z
. This description of the differential forms on a quotient X/G

as the ones on X that are G-invariant, applies for any free and properly discontinu-
ous action. On the other hand, it does not have to apply for the cohomology of the
quotient space X/G for a general G, as the next example illustrate.
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Example 4.0.1. Consider X = R. The real line has a real trivial cohomology,
only non-zero for the first degree H0 (X,R) = R. Then the only admissable repre-
sentation in H∗ (X,R) induced by an action on X is the trivial one. So, if there was
some hope to recover the cohomology of X/G as the invariant part of the induced
action G y H∗ (X,Q), all this quotient spaces would have to have the cohomol-
ogy of a point. This is so because in this case we have an identity independent on
Gy X:

H∗ (X,R)G = H∗ (X,R)

It suffices to take G = Z to see this is not possible: the action where 1 ∈ Z is
identified with the map x 7→ x+ 1 has quotient S1, with usual cohomology

H∗
(
S1,R

)
=

{
R degrees 0, 1

0 otherwise
.

although this action is free and properly discontinuous.

4.1. Equivariant cohomology for finite groups

We will now strict our attention to the case of G finite. Given a complex quasi-
projective variety X with an action of a finite group G, our intention in this chapter
is to obtain a suitable description of the usual cohomology of the quotient space
H∗ (X/G,Q) As mentioned, this description can be used to characterize the differ-
ential forms of a quotient X/G when the action is free and properly discontinuous.
This last example shows this description does not have to descend to cohomology.
When G is finite, the action is necessarily properly discontinuous, so for X/G to
have a smooth structure it suffices for this action to be free. The next examples
provide some hope on which type of characterization one can obtain to H∗ (X,Q)
in these cases.

Example 4.1.1. Assume X = C∗ as a complex manifold. Consider the G =
Z/2Z-action described in the beginning of the chapter. The quotient, seen as the
space of orbits, is C. What is the induced Z/2Z-action on H∗ (X,C)? The manifold
X being connected, the action on H0 (X,C) is trivial. On the other hand, the action
in the space H1 (X,C) is perfectly determined by the image of dz ∧ dz̄. Since the
function −1 is associated with the linear function given by multiplication by −1,
one also has −1. (dz ∧ dz̄) = −dz ∧ dz̄. In particular, we conclude that the G action

lefts invariant H∗ (X,C)G = H0 (X,C) = C. Notice that this coincides with the
cohomology of the quotient, since C ' X/G.

Example 4.1.2. Assume X = (P1
C)
n

and admit on it the natural Sn action. The
rational cohomology of P1

C is generated by its Kähler form. Then denoting by ωi the
Kähler form of the i-th component of the product X = (P1

C)
n
, the cohomology of X

is generated by these forms. Moreover, the Sn action on H∗ (X,C) is characterized
by how it acts on those, swapping them.

The quotient X/Sn is isomorphic to PnC, so its cohomology is given by

Hk (X/Sn,C) =

{
C k even

0 otherwise
.
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We will see this coincides with Hk (X,C)Sn . This is easy to conclude for odd k,

since Hk (X,C) = 0⇒ Hk (X,C)Sn = 0. For k = 2, Sn acts on H2 (X,C) ' Cn by
swapping coordinates, so

H2 (X,C)Sn = C.
Assume the result for k = 2l, l > 0. The k + 2 level of cohomology can be obtained
as the cup product

Hk+2 (X,C) = Hk (X,C) ^ H2 (X,C) ,

so we get an equality H∗ (X,C)G ' H∗ (X/Sn,C) from induction and compatibility
with the cup product.

The previous examples posse a hope that the cohomology of a free finite quo-
tient X/G is encoded in the action G y H∗ (X,F), being given by its invariant
part. Indeed, we will show this is true for a finite free action, but more surprisingly,
this is the case even if such action is not free. This is due to several simplifications
one obtains in this case. For instance, even if the action is not free the fact that
the stabilizers will be finite groups forces the produced singularities to have a nice
nature - they will be of orbifold type. We will be able to realize this equality by
comparing H∗ (X/G,R) and H∗ (X,R)G with an intermediary object: the equivari-
ant cohomology of the action Gy X. For an arbitrary G, this can be described as
the “homotopic corrected version” of the space of orbits X/G. This terminology is
motivated by it being a space homotopic to X on which G acts freely. Before intro-
ducing it, we shall require the notion of principal and universal principal G-bundles,
a special type of fibrations.

Definition 4.1.3. Let G be a compact group. A Principal G-Bundle is a quo-
tient map

π : E → Q

where Q is given by the quotient of a free G action on E, Q = E/G. Since the
G-action is free, this is also a G-bundle.

Suppose

p : EG→ BG

is another principal G-bundle, with BG a CW complex. This is said to be Universal
if there is a map

ϕ : B → BG

unique up to homotopy, s.t. for every principal G-bundle π : E → Q, the pullback
bundle ϕ∗p is equivalent to π. For this reason, the space BG = EG/G is usually
called a Classifying Space.

Remark 4.1.4. We will need some facts concerning universal bundles. Not only
those exist as, in the case of G a compact Lie group, the space EG can always be
picked as a contractible space. For a more detailed account on this construction and
its properties, we would advise [Hus, Chapter 4].

From the Künneth isomorphism, is not difficult to see the cohomology of the
space X×EG’s is a good candidate for our equivariant cohomology: it is homotopic
to X, and the induced diagonal G-action on it

g. (e, x) := (g.e, g.x)

is free.
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Definition 4.1.5. Let X be a topological G-space, for some compact group G.
Let also

p : EG→ BG

be a universal principal bundle. Consider in the product X × EG the induced
diagonal free G-action. Denoting the quotient by

X ×G EG := (X × EG) /G

one defines the Equivariant Cohomology of Gy X by

H∗G (X,Q) := H∗ (X ×G EG,Q) .

To see this notion is well defined, one should check independence in relation to
the chosen universal bundle. To do so, we will introduce a tool that allows us to
compare the cohomology of the total space of a fibration with the base and the fiber:
the Leray-Serre spectral sequence.

Definition 4.1.6. Let

Z ↪→ E
π→ B

be a fibration of manifolds. Letting U be a good cover for B, consider the double
complex

Kp,q := Čp
(
π−1U ,Ωq

E

)
with total differential D = d + (−1)q δ, for d the exterior derivative of forms and δ
the Čech differential. The spectral sequence associated to the filtration

Fp =
⊕

q≥0,i≥p

Ki,q

is called the Leray-Serre spectral sequence of the fibration E
π→ B.

The Leray-Serre spectral sequence is an important tool in algebraic topology,
since for a fibration it expresses the cohomology of the total space in terms of the
cohomology of the fiber and the base. This fact is derived from basic properties of
spectral sequences of double complexes, as the next result giving a characterization
of the spectral sequence shows. Before giving this result, we need to introduce a new
tool closely related to the notion of monodromy that will help us to characterize this
spectral sequence.

Definition 4.1.7. Given a fibration

F ↪→ E
π→ B

one defines the Local System of Coefficients in B determined by F as the space

H∗ (F,Q) :=
{
H∗
(
π−1 (b) ,Q

)
| b ∈ B

}
together with an association that to any given point b ∈ B and any homotopy
class of a loop γ ∈ Ω (B, b) with beginning point b, associates the isomorphism
h [γ] : H∗ (π−1 (b) ,Q) → H∗ (π−1 (b) ,Q) given by the dual of the map induced in
homology. This is said to be a Simple Local System of Coefficients if the maps h [γ] :
H∗ (π−1 (b) ,Q)→ H∗ (π−1 (b) ,Q) are the identity. To this space, one associates the
sheafification of the pre-sheaf of groups over B, that to an open set U associates:

H∗ (F,Q) (U) = H∗
(
π−1U,Q

)
.

When referring to the sheaf associated to the system of local coefficients H∗ (F,Q)
associated to a fibration, we will usually simplify the notation to H .
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Remark 4.1.8. A system of local coefficients over a topological space X is set-
wise a family of groups Gx indexed by the points of X. Together with it we have
an association that to any homotopy class of a loop γ ∈ Ω (B, x) relates an ho-
momorphism Gx → Gx, requiring this to be the identity for the homotopy class of
the constant path. The above system of local coefficients is then simple iff the mon-
odromy of the associated fibration is trivial, since the association between paths and
homomorphisms of the cohomology ring of the fibre coincide with the monodromy
action.

Proposition 4.1.9. Let

F ↪→ E
π→ B

be a fibration of manifolds and U a good cover for B. The associated Leray-Serre
spectral sequence satisfies

(1) Ep,q
1 = Čp (U ,Hq)

(2) Ep,q
2 = Ȟp (U ,Hq) ' Hp (B,Hq)

(3) Ep,q
r ⇒ Hp+q (E,Q)

(4) if the system of local coefficients on B determined by F is simple, then

Ep,q
2 ' Hp (B,Hq (F,Q))

Moreover, if B is connected and F and B are of finite type, Ep,q
2 ' Hp (B,Q)�

Hq (F,Q).

Remark 4.1.10. In our case, we will always be considering quotients of smooth
complex algebraic varieties. Then for us the requisition that F and B are of finite
type in (4) is always verified.

Proof. The spectral sequence associated to a double complex {K∗,∗, d, δ} and
filtration Fp =

⊕
i≥pK

i,∗ satisfies

(1) Ep,q
1 = Hp,q

d (K∗,∗)
(2) Ep,q

2 = Hp,q
δ H∗d (K∗,∗)

(3) Ep,q
r ⇒ Hp+q

D (K∗,∗)

by Theorem B.0.2, so the first three points follow. For the first part of the forth, see
[Hat2, Chapter 1, Theorem 1.14 (c)]. The second part follows from this equality to-
gether with the multiplicative properties of the spectral sequence ([Mc, Proposition
5.5]). �

As a first application of this spectral sequence, we will show that the equivariant
cohomology does not depend on the chosen universal bundle. Moreover, we will
show it is indeed the “corrected homotopy” version of the space of orbits X/G.

Lemma 4.1.11. The equivariant cohomology ring is independent on the chosen
principal universal bundle. Moreover, it is always isomorphic to H∗ (X/G,Q).

Proof. Considering Definition 4.1.5, let

p′ : E ′G→ B′G

be another universal bundle. The quotient of the triple product X × EG× E ′G by
the induced diagonal G-action, admits projections

(X × EG× E ′G) /G→ X ×G EG

(X × EG× E ′G) /G→ X ×G E ′G
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that are fibrations, whose respective contractible fibers are E ′G and EG. So for the
first part of this result it suffices to see that fibrations with contractible fibers are
quasi-isomorphisms.

Let then

F ↪→ E
π→ B

be a fibration with B connected and F contractible. F being contractible tells us
the system of local coefficients on B determined by F is simple, so

Ep,q
2 ' Hp (B,Q) �Hq (F,Q)

using (4) of Proposition 4.1.9. The right hand-side of this equality is zero if q 6= 0
and Hp (B,Q) if q = 0. It follows that the spectral sequence converges at step 2,
and since this abouts to Hp+q (E,Q) one gets an isomorphism

Hp (B,Q) ' Hp (E,Q)

as we wanted.
For the second sentence, observe first that the quotient of a contractible space by

a free action of a finite group still has the homology of a point. If E is contractible
and G acts freely on it, πk (E/G) ' G if k = 1 and zero otherwise. It follows by
Hurewicz Theorem that E/G has the rational cohomology of a point, by G being
finite. The result now follows by considering the map

π : X ×G EG → X/G
[(x, e)] 7→ [x]

Indeed, this map has fibers given by EG/Gx, Gx being the isotropy group of x.
Those are Hausdorff, compact and Q-acyclic, being the quotient of a compact space
by a free action of a finite group. Noting this map is also closed and surjective, the
result follows from the Vietoris-Begle theorem [Spa, page 344], that assures us that
π∗ is an isomorphism. �

The comparison with the cohomology of the quotient H∗ (X/G,Q) and the equi-
variant cohomology H∗G (X,Q) is particularly fruitful for our intentions: the latter
is given by the invariant part of the induced representation G y H∗ (X,Q). An
argument in all similar to the proof of this lemma assures us the cohomology of the
orbit space for a free action is exactly what we want.

Lemma 4.1.12. Let X be a G-manifold, for a free action of a finite group G.
Then the rational cohomology of the quotient X/G satisfies

H∗ (X/G,Q) ' H∗ (X,Q)G .

Proof. The quotient mapX → X/G induces a map inX×GEG = (X × EG) /G
by

π :
X ×G EG → X/G

[x, e] 7→ [x]

whose fiber of a point [x, e] is given by EG/Gx, for Gx the isotropy group of x. The
action being free, Gx is constant equal to {e}. We conclude that the map above is
a filtration with contractible fibers given by EG, so, as we have seen in the proof
of Lemma 4.1.11, it is a quasi-isomorphism. Now the result follows from Lemma
4.1.11. �
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Being the quotient of a contractible space by a finite group, the fundamental
group of BG is G. Moreover, all its higher homotopy groups are trivial, and therefore
the homotopy of BG does not depend on the choice of EG. This justifies the
possibility of the following definition:

Definition 4.1.13. Let G be a finite group. If

EG
π→ BG

is a universal principal bundle, and F a sheaf of G-modules (meaning it is a module
over the ring Z [G] - formal finite sums in G with coefficients in Z) over BG, one
defines G’s cohomology with coefficients in F as

H∗ (G,F) := H∗ (BG,F) .

Remark 4.1.14. Let M be a G-module. The sets

Cn (G,M) := {f : Gn →M}

form a complex, with differential(
dn+1ϕ

)
(z1, . . . , zn+1) := z1ϕ (z2, . . . , zn+1)

+
n∑
i=1

(−1)i ϕ (z1, . . . , zi−1, zizi+1, zi+2, . . . , zn+1)

+ (−1)n+1 ϕ (z1, . . . , zn) .

The classical way to define G’s cohomology with coefficients in M is as the coho-
mology of this complex. In this approach, our definition

H∗ (G,F) := H∗ (BG,F) .

arises as simple result.

Particularly important for us is the following result

Theorem 4.1.15. Consider X a G-space for a finite group G and k a field. If
the order of G is invertible in k, then

Hp (G,Hq (X; k)) = 0

for all q and all p > 0.

Proof. A proof can be found in [Bro, III, Corollary 10.2]. �

From this result it is now easy to derive our main result.

Theorem 4.1.16. Consider X a complex G-manifold for a finite group G. Then

H∗ (X ×G EG,Q) ' H∗ (X,Q)G

and consequently

H∗ (X/G,Q) ' H∗ (X,Q)G .
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Proof. Consider the fibration

X ↪→ X ×G EG→ BG

given by [x, e] 7→ [e]. The system of local coefficients on the base is necessarily
simple, since BG has the cohomology of a point. Then the associated Leray-Serre
spectral sequence has second page

Ep,q
2 = Hp (BG,Hq (X,Q)) ' Hp (G,Hq (X,Q))

and abouts to Hp+q (X ×G EG,Q), by Proposition 4.1.9. Moreover, this is non-zero
iff p = 0, so the spectral sequence converges at step 2. Since one has

H0 (G,Hq (X,Q)) = Hq (X,Q)G

(this is immediate if one follows the classical definition of H∗ (G,M), in 4.1.14), the
result follows. �

This construction provides an isomorphism of graded vector spacesH∗ (X/G,Q) '
H∗ (X,Q)G. We would like to see that an isomorphism between those spaces can
be obtained from the pull-back of the quotient map X → X/G. In the next chap-
ter, this will be a crucial point in the proof that the equivariant description of the
cohomology of a finite quotient also applies for mixed Hodge structures.

Corollary 4.1.17. Let X be a smooth G-manifold, for G a finite group. Then
the pull-back of the quotient map π : X → X/G is injective, with image given by

H∗ (X,Q)G.

Proof. Star by assuming that the G-action is free. Then the quotient X/G
has a smooth structure, and one can use differential forms to deduce that the image
of π∗ is given by H∗ (X,Q)G. Since H∗ (X,Q)G and H∗ (X/G,Q) have the same
dimension as vector spaces, this also gives that π∗ is injective.

For a general action, the idea is to reproduce this argument for the orbifold co-
homology on X/G. This is the cohomology associated to a resolution of the locally
constant sheaf C by the sections of the orbifold tangent space. Then the de Rham
orbifold cohomology ring H∗O (X/G,Q) is isomorphic to the singular cohomology ring
H∗ (X/G,Q) (see [Ad]). Moreover, when on a smooth manifold, the orbifold tan-
gent space coincides with the usual tangent space. Therefore the de Rham orbifold
cohomology coincides with the usual de Rham cohomology for smooth manifolds,
and one can reproduce the above argument for any G-action by using the pull-back
π∗ for this cohomology - which is possible since this cohomology allows for a sheaf
theoretical version. �

The construction here done can be also reproduced to the compactly supported
cohomology H∗c (X/G,Q). In particular, we will also be able to deduce that X/G
satisfies a numerical version Poincaré duality if X does.

Corollary 4.1.18. Let X be a smooth G-manifold, for a finite group G. Then

H∗c (X/G,Q) = H∗c (X,Q)G

and X/G satisfies Poincaré Duality.

Proof. This result is indeed a particular case of a more general one: orbifolds
satisfy Poincaré Duality (see the seminal paper in the theory of orbifolds [Sa], there
called V -manifolds). �
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CHAPTER 5

Applications

In this chapter we will give applications of the important results obtained in the
previous one. We will divide those in two sections. In the first one, we will focus
on which conclusions can be drawn to the usual cohomology of a manifold. On the
second one we will adapt Theorem 4.1.16 to mixed Hodge structures. Particularly
important will be the case where the cohomology of X is an exterior algebra that
is generated by forms in a single odd degree. For those spaces, we will be able to
obtain some simple formulas for the cohomology of the quotient, Theorem 5.1.4.
If X is a complex quasi-projectivey variety, we will be able to adapt it to mixed
Hodge structures, Theorem 5.2.3. Finally, we will end the chapter by motivating
this results with some original examples, where the mixed Hodge polynomials of
some symmetric products are obtained.

5.1. Cohomology

Throughout this section, X will be a complex G-manifold for a finite group
G. In the last chapter, we described the cohomology ring of the quotient space
X/G as the invariant part of the induced action G y H∗ (X,Q). Being each piece
Hk (X,Q) a vector space, this action also induces in them a G-module structure.
When regarded as such, we will denote these spaces by

[
Hk (X,Q)

]
G

, or simply[
Hk (X,Q)

]
if no confusion arises. These are elements of R (G), the representation

ring of G. Since G is finite, its representations are completely characterized by their
associated characters, that we will denote by χ[Hk(X,Q)]. Moreover, the dimension

of H∗ (X,Q)G is given by the coefficient of the trivial representation T, when one
writes [H∗ (X,Q)]G in a basis of irreducibles of R (G). Level by level, one has that

the dimension of Hk (X/G,Q) ' Hk (X,Q)G equals the coefficient of the trivial
representation of

[
Hk (X,Q)

]
G

. So, if one codifies such information in a polynomial,
the cohomology of the quotient space can be recovered as the coefficient of the trivial
representation.

Definition 5.1.1. Let X be a complex G-manifold. One defines the Equivariant
Poincaré polynomial of Gy X as

PG
X (t) =

dimRX∑
k=0

[
Hk (X,Q)

]
G
tk.

In terms of this polynomial, Theorem 4.1.16 can be re-written as

Proposition 5.1.2. Let X, Y be complex G-manifolds, for a finite group G
acting complex analytically. Then
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(1) the Poincaré polynomial of the orbit space X/G is given by the coefficient
of the trivial representation of PG

X (t), or, equivalently,

PX/G (t) =
1

|G|

dimRX∑
k=0

(∑
g∈G

χ[Hk(X,Q)] (g)

)
tk;

(2) the equivariant polynomial is compatible with the Künneth isomorphism,

PG
X×Y (t) = PG

X (t) � PG
Y (t) ;

were on the left hand side we admit the diagonal G-action on X × Y .

Proof. We already know that the Poincaré polynomial of the orbit space X/G
is given by the coefficient of the trivial representation of PG

X (t). To see the exposed
formula, it suffices to prove that if ρG is a representation of G, then the coefficient
of the trivial representation may be recovered by taking

1

|G|
∑
g∈g

χρG (g) ,

where χρG is the character of ρG. This happens because if ρG =
∑

i aiTi is the
decomposition into irreducibles (we take T1 = T to be the trivial representation),
then by the Schur orthogonal relations the coefficient of the trivial representation is

given by
〈
χρG , χT1

〉
, 〈

χρG , χT1

〉
=

1

|G|
∑
g∈G

χρG (g)χT1
(g)

=
1

|G|
∑
g∈G

χρG (g) .

The second point follows from the Künneth isomorphism being a map on the cate-
gory of G-modules. �

One may hope to get a simplified description of H∗ (X/G,Q), when G y
H∗ (X,Q) is particularly simple. One such case is when X’s cohomology is gen-
erated for the cup product in a single odd degree k, that we will now define.

Definition 5.1.3. Let X be a complex manifold. One says that the cohomology
of X is an Exterior Algebra of Odd Degree k if

Hq (X,Q) =

{∧lHk (X,Q) q = l × k
0 otherwise

.

Assume X is a manifold whose cohomology is an exterior algebra of odd degree k.
Then in the cohomology ring there is an identification between the cup and exterior
products, that allows us to obtain the following simplification of the cohomology of
the quotient of X by a finite group.

Theorem 5.1.4. Let X be a complex G-manifold whose cohomology is an exterior
algebra of odd degree k, and assume in Xr the diagonal action. Denoting by ρG the
representation of G in Hk (X,C), one obtains

PXr/G (t) =
1

|G|
∑
g∈G

det
(
I + tk.ρG (g)

)r
.
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Proof. Let us start to prove this result for r = 1. As the cohomology of X is
an exterior algebra of odd degree k, its G-equivariant Poincaré polynomial has the
form

PG
X (t) =

∞∑
l=0

l∧
ρG.t

lk.

By Proposition 5.1.2, PX/G (t) is given by the coefficient of the trivial representation
of PG

X (t). As we have seen, the coefficient of the trivial representation may be
recovered by taking 〈χρG , χT1〉. Applying this to our case yields

PX/G (t) =
1

|G|
∑
g∈G

∞∑
l=0

(
l∧
ρG (g)

)
.tlk.

Re-writing both
∑∞

l=0

(∧l ρG (g)
)
.tlk and det

(
I + tkρG (g)

)
in terms of χρG (g) =

a1...ak + ...+ an−k...an−1, where ai are the eigenvalues of ρG (g), one concludes they
are equal [JPSer, page 69, exercise 9.3]. Therefore

PX/G (t) =
1

|G|
∑
g∈G

det
(
I + tk.ρG (g)

)
as we wanted.

Assume now that r > 1 and consider the diagonal G-action on Xr. It follows
from the second part of Proposition 5.1.2 that PG

Xr (t) =
(
PG
X (t)

)r
, so similarly to

the case r = 1:

PXr/G (t) =
1

|G|
∑
g∈G

(
PG
X (t)

)r
(g)

=
1

|G|
∑
g∈G

(
∞∑
l=0

l∧
ρG (g) .tlk

)r

=
1

|G|
∑
g∈G

det
(
I + tk.ρG (g)

)r
as we wanted. �

5.2. Mixed Hodge Structures

In this section we intend to capture the consequences of Theorem 4.1.16 to mixed
Hodge structures. So we will fix X as a complex quasi-projective G-variety, for G a
finite group acting on it algebraically. We will start by showing that the isomorphism

H∗ (X/G,Q) ' H∗ (X,Q)G

preserves mixed Hodge structures. Firstly, each pieceHk;p,q (X,Q) andGrWC
p Hk(X,C)

will admit a G-module structure, since G acts algebraically, by (1) of Proposi-
tion 2.1.2. As before, when considered as G-modules, we will use the notation[
Hk;p,q (X,Q)

]
G

, dropping the under script G when no confusion arises. Hence we
may define the equivariant versions of the Hodge-Deligne polynomials.
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Definition 5.2.1. Let X be a complex quasi-projective G-variety. One defines
the Equivariant mixed Hodge polynomial of Gy X as

µGX (t, u, v) =
∑
k,p,q

[
Hk;p,q (X,Q)

]
G
tkupvk.

Its specification at t = −1 will be denoted Equivariant Hodge-Deligne or Equivariant
E-polynomial of Gy X

EG
X (t, u, v) =

∑
k,p,q

(−1)k
[
Hk;p,q (X,Q)

]
G
upvk.

These polynomials satisfy the following properties.

Proposition 5.2.2. Let X, Y be complex quasi-projective G-varieties for a finite
group G. Denoting by PGX any one of the polynomials in 5.2.1, one gets

(1) PX/G is equal to the coefficient of the trivial representation of PGX ;
(2) these structures are compatible with the Künneth isomorphism,

PGX×Y ' PGX � PGY ,
were on the left hand side we admit the diagonal G-action on X × Y ;

(3) ∀k, p, q, hk;p,q (X/G) 6= 0 ⇒ hk;p,q (X) 6= 0. So if X is either balanced,
elementary, separably pure or round, so is X/F ;

(4) the polynomial of X is given by the dimension of PGX (t),

PX (t) = dimPGX (t) .

Proof. By Theorem 4.1.16, one has an isomorphism

H∗ (X/G,Q) ∼= H∗ (X,Q)G

of graded vector spaces. By Corollary 4.1.17, such an isomorphism can be obtained
by considering the pull-back of the quotient map X → X/G. As this is an algebraic
map between algebraic varieties, it preserves mixed Hodge structures. Then the
above isomorphism preserves mixed Hodge structures, considering in H∗ (X,Q)G

the MHS induced by restricting that on H∗ (X,Q). In particular, the result follows.
The second point follows from compatibility with the cup product.
For (3), let

µGX (t, u, v) =
∑
k,p,q

[
Hk;p,q (X,Q)

]
G
tkupvk

be the equivariant mixed Hodge polynomial of Gy X. If one denotes by ak;p,q
T the

coefficient of the trivial representation when one writes
[
Hk;p,q (X,Q)

]
G

in a basis
of irreducibles of R (G), then

µX/G (t, u, v) =
∑
k,p,q

ak;p,q
T tkupvk.

Since ak;p,q
T 6= 0 ⇒ Hk;p,q (X,Q) 6= 0, the result follows. Recall that being balanced

means there are only diagonal weights, elementary means there is only one pair of
weights for each degree, separable pure means the total weights associated to a given
degree are constant and round means the total weight in degree k is given by 2k.
Then all of these properties survive to the quotient.

Finally, the last point is a simple consequence of the definition of dimension of
a representation. �
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As before, one may greatly simplify this result if one imposes some restrictions
on H∗ (X,C). In particular, if the cohomology is an exterior algebra of odd degree,
compatibility of mixed Hodge structures with the cup product gives us a version of
5.1.4 for mixed Hodge structures.

Theorem 5.2.3. Let X be a G-variety whose cohomology is an exterior alge-
bra of odd degree k, and assume in Xr the diagonal action. Denoting by ρG the
representation of G in Hk (X,C) and k 7→ (pk, pk) the weight function, one obtains

µXr/G (t, x) =
1

|G|
∑
g∈G

det
(
I + tk.xpk .ρG (g)

)r
.

In particular, if X is round the formula above becomes

µXr/G (t, x) =
1

|G|
∑
g∈G

det .
(
I + tkxk.ρG (g)

)r
.

Proof. To see this, it suffices to reproduce the proof for the Poincaré polynomial
(Theorem 5.1.4), taking into account that in this case the equivariant mixed Hodge
polynomial is given by

µGX (t, x) =
∞∑
l=0

l∧
ρG.t

lkxlpk

and using compatibility of mixed Hodge structures with the cup product.
The second equality can also be deduced from the fact that Xr is round by

Lemma 3.2.3 and consequently so is Xr/G, by (3) of 5.2.2. As the Poincaré polyno-
mial is given by Theorem 5.1.4, it suffices to apply Proposition 3.2.5. �

We will finish this chapter by providing an equivariant version of (4) of Proposi-
tion 2.2.5. We first came across the non-equivariant version in [LMN, Proposition
2.4], where it is used alongside (1) of Proposition 2.2.5 with great efficiency to cal-
culate the E-polynomial for the compactly supported cohomology of certain twisted
character varieties. Our proof was inspired by the proof of [DiLe2, Theorem 6.1
ii], where the version for the equivariant weight polynomial is obtained. We do not
use the weight polynomial in this text, but this result is also a consequence of this
theorem, since the weight polynomial is a specialization of the E.

Proposition 5.2.4. Let

Z ↪→ E → B

be an algebraic fibration between smooth complex algebraic quasi-projective varieties,
not necessarily locally trivial in the Zariski topology. Suppose also that these are G-
varieties, for a finite group G, and that this is a filtration of G-varieties (meaning
the involved maps are compatible with the G-action). If Z is connected and the
system of local coefficients on the base determined by it is simple, then

EG
E (u, v) = EG

Z (u, v)× EG
B (u, v) .

Proof. As promised in the proof of Proposition 2.2.5, we will start by proving
the non-equivariant version of this result. Since the system of local coefficients on the
base determined by the fibre is simple and Z is connected, the Leray-Serre spectral
sequence satisfies

Ea,b
2 ' Ha (B) �Hb (Z)(5.2.1)
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by (4) of Proposition 4.1.9, this being an isomorphism of vector spaces. The Leray-
Serre spectral sequence is a s.s. of mixed Hodge structures [PS, Theorem 6.5].
Moreover, the constancy of H∗ (Z,C), given by its simplicitçy, implies the above
isomorphism is indeed an isomorphism of mixed Hodge structures. In particular, we
get an equality between their respective graded pieces:
(5.2.2)

GrpFGr
W
p+qE

a,b
2 =

⊕
pB+pZ=p

⊕
qB+qZ=q

GrpBF GrWpB+qB
Ha (B) �GrpZF GrWpZ+qZ

Hb (Z) .

Using once more the fact that this is a spectral sequence of mixed Hodge structures,
we get one spectral sequence of vector spaces for each pair (p, q):

E (p, q)a,b2 = GrpFGr
W
p+qE

a,b
2 ⇒ GrpFGr

W
p+qH

a+b (E) .

Now set

P(p,q) (t) =
∑
k≥0

dim

(⊕
a+b=k

E (p, q)a,b2

)
tk.

Given that E (p, q)a,b2 ⇒ GrpFGr
W
p+qH

a+b (E), one has

P(p,q) (−1) =
∑
k

(−1)k dimGrpFGr
W
p+qH

k (E)

=
∑
k

(−1)k hk;p,q (E)

It follows that EE (u, v) =
∑

p,q P(p,q) (−1)upvq. On the other hand, using (5.2.2)

P(p,q) (−1) =
∑
k

∑
a+b=k

∑
pB+pZ=p

∑
qB+qZ=q

(−1)a ha;pB ,qB (B) (−1)b hb;pZ ,qZ (Z)

and so EE (u, v) is also equal to∑
p,q

(∑
k

∑
a+b=k

∑
pB+pZ=p

∑
qB+qZ=q

(−1)a ha;pB ,qB (B) (−1)b hb;pZ ,qZ (Z)

)
upvq =∑

k

∑
p,q

∑
a+b=k

∑
pB+pZ=p

∑
qB+qZ=q

(−1)a ha;pB ,qB (B)upBvqB (−1)b hb;pZ ,qZ (Z)upZvqZ ,

and so we get EE (u, v) = EB (u, v)EZ (u, v), as we wanted.
Assume now that this is also a fibration of G-varieties. The fact that the filtra-

tion is a filtration of G-varieties secures us that the associated Leray-Serre spectral
sequence is a spectral sequence of G-modules. The associated sequences E (k,m)p,q2

are also spectral sequences of G-modules, since the graded pieces for the Hodge and
weight filtration are. To get the desired equality, it suffices to proceed as in the
proof of the non-equivariant version. Specifically, when on this calculation appear
a dimension hk;p,q() one uses the respective G-module

[
GrpFGr

W
p+qH

k ()
]
G

, and the

operations done in (Z,+,×) correspond to those in (R (G) [u, v] ,+,�).
To prove (1) of Proposition 3.1.1, recall we have an isomorphsim of mixed Hodge

structures

Ea,b
2 ' Ha (B) �Hb (Z) ,

so this being diagonal in the cohomology of B and Z, it is also diagonal in E2. Using
that the spectral sequence converges to H∗ (U), the result follows. �
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Example 5.2.5. (i) Let us an give an example of application of the equivariant

mixed Hodge polynomial. Assume in (P1
C)

3
the Z/3Z-action given by the restriction

of the natural S3-action. We ant to calculate the MHP of the associated quo-
tient, (P1

C)
3
/Z/3Z. For this we will take into consideration the symmetric product

Sym3 (P1
C) = (P1

C)
3
/S3 (Definition 6.1.6). Write the equivariant mixed Hodge poly-

nomial relative to the S3 action as µS3

(P1
C)

3 (t, x) = aT + bS + cSt, for T the trivial,

S the sign and St the standard representations. The above quotient is well known,
since Sym3 (P1

C) ' P3
C. Then by (4) of Proposition 5.2.2

a+ b+ 2c = µ
(P1

C)
3 (t, x)

=
(
1 + t2x

)3

= 1 + 3t2x+ 3t4x2 + t6x3.

By (1) of Proposition 5.2.2 we obtain

a = µ
(P1

C)
3
/S3

(t, x)

= 1 + t2x+ t4x2 + t6x3.

Consider now the action of the subgroup S2 = 〈(1, 2)〉 ↪→ S3. Leaving the third

factor invariant, the quotient is given by (P1
C)

3
/S2 ' P2

C × P1
C, whose MHP is

µ
(P1

C)
3
/S2

=
(
1 + t2x+ t4x2

) (
1 + t2x

)
= 1 + 2t2x+ 2t4x2 + t6x3.

Moreover, the equivariant MHP for the S2 action can be obtained by the restriction
function. The irreducible representations restrict to T|S2 = T, S|S2 = S and St|S2 =
T + S, using also the letters T, S for the trivial and sign representations of S2. Then
µS2

(P1
C)

3 (t, x) = (a+ c) T + (b+ c) S, leading to

a+ c = µ
(P1

C)
3
/S2
.

Adding these equations, one obtains that

µS3

(P1
C)

3 (t, x) =
(
1 + t2x+ t4x2 + t6x3

)
T +

(
t2x+ t4x2

)
V.

The equivariant mixed Hodge polynomial may be used to obtain the MHP of the
quotient of (P1

C)
3

by the restricted action of any subgroup G ↪→ S3. As an example,
take G = 〈(1, 2, 3)〉 ' Z/3Z. Being abelian, the representation ring of Z/3Z is

generated by 3 irreducible representations. Considering ω = e
2iπ
3 , we will denote

them by C1, Cω and Cω2 . The restriction map R (S3) → R (Z/3Z) is characterized
by T|Z/3Z = S|Z/3Z = C1 and St|Z/3Z = Cω + Cω2 , so

µ
Z/3Z

(P1
C)

3 (t, x) = (a+ b)C1 + c (Cω + Cω2) .

=
(
1 + t2x+ t4x2 + t6x3

)
C1 +

(
t2x+ t4x2

)
(Cω + Cω2)

In particular, we conclude that

µ
(P1

C)
3
/Z/3Z (t, x) = 1 + t2x+ t4x2 + t6x3.(5.2.3)

(ii) Let us now apply the same reasoning to (P1
C)

4
/ (Z/4Z). For this, write

µS4

(P1
C)

4 (t, x) = aT + bS + c
∧2 St + d St + e St�S, where T stands for the trivial, S
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for the sign and St for the standard representations. To begin with, we have the
equations provided by 5.2.2:

a = µ
(P1

C)
4
/S4

(t, x)

= µP4
C

(t, x)

= 1 + t2x+ t4x2 + t6x3 + t8x4

and

a+ b+ 2c+ 3d+ 3e = µ
(P1

C)
4 (t, x)

=
(
1 + t2x

)4
.

For S ′2 = 〈(1, 2) (3, 4)〉 ↪→ S4, the restriction function provides µ
S′2

(P1
C)

4 (t, x) =

(a+ b+ 2c+ d+ e) T + 2 (d+ e) S. Moreover, identifying θi, i = 1..4, with the

Kähler form in each factor of (P1
C)

4
, is easy to see that the induced S ′2 action is

invariant in the subspaces:

H0
(

(P1
C)

4
,C
)

in degree 0

〈θ1 + θ2, θ3 + θ4〉 in degree 2

〈θ1θ2, θ3θ4, θ1θ3 + θ2θ4, θ1θ4 + θ2θ3〉 in degree 4

〈θ1θ2θ3 + θ1θ2θ4, θ2θ3θ4 + θ1θ3θ4〉 in degree 6

H8
(

(P1
C)

4
,C
)

in degree 8

.

Then by applying (1) of Proposition 5.2.2, the Poincaré polynomial of the quotient

(P1
C)

4
/S ′2 is given by 1 + 2t2 + 4t4 + 2t6 + t8. By (3) of the same result, since

µ
(P1

C)
4 (t, x) = 1 + 4t2x+ 6t4x2 + 4t6x3 + t8x4 its MHP is

µ
(P1

C)
4
/S′2

(t, x) = 1 + 2t2x+ 4t4x2 + 2t6x3 + t8x4

and consequently

a+ b+ 2c+ d+ e = 1 + 2t2x+ 4t4x2 + 2t6x3 + t8x4.

Considering the subgroup S3 ↪→ S4 given by the permutations that fix 4, we get
µS3

(P1
C)

4 (t, x) = (a+ d) T + (b+ e) S + (c+ d+ e) St. Consequently

a+ d = µP3
C

(t, x)× µP1
C

(t, x)

=
(
1 + t2x+ t4x2 + t6x3

) (
1 + t2x

)
.

Lastly, consider the cyclic subgroup Z/3Z = 〈(1, 2, 3)〉 ↪→ S4. Using the same nota-

tion as in (i), the associated equivariant MHP is given by µ
Z/3Z

(P1
C)

4 (t, q) = (a+ b+ d+ e)C1+

(c+ d+ e)Cω + (c+ d+ e)Cω2 :

a+ b+ d+ e = µ
(P1

C)
4
/Z/3Z (t, x)

= µ
(P1

C)
3
/Z/3Z (t, x)× µP1

C
(t, x)

and by 5.2.3

=
(
1 + t2x+ t4x2 + t6x3

) (
1 + t2x

)
.
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Adding these five equations one obtains

µS4

(P1
C)

4 (t, x) =
(
1 + t2x+ t4x2 + t6x3 + t8x4

)
T + t4x2

2∧
St +

(
t2x+ t4x2 + t6x3

)
St.

The restriction function provides

µ
Z/4Z

(P1
C)

4 (t, x) =
(
1 + t2x+ 2t4x2 + t6x3 + t8x4

)
C1 +

(
t2x+ t4x2 + t6x3

)
Ci

+
(
t2x+ 2t4x2 + t6x3

)
C−1 +

(
t2x+ t4x2 + t6x3

)
C−i

and in particular one obtains

µ
(P1

C)
4
/Z/4Z (t, x) = 1 + t2x+ 2t4x2 + t6x3 + t8x4.

Example 5.2.6. (i) Consider X = GL (2,C), we will obtain the MHP of Sym2X.
The MHP of X was given in Example 3.1.5, µX (t, x) = 1 + tx+ t3x2 + t4x3, so

µX2 (t, x) =
(
1 + tx+ t3x2 + t5x3

)2

= 1 + 2tx+ t2x2 + 2t3x2 + 4t4x3 + 2t5x4 + t6x4 + 2t7x5 + t8x6

Using the description of the cohomology ring of complex connected linear algebraic
groups in Proposition 2.1.9, it is not difficult to compute the invariant ring

Hk
(
X2,C

)S2 '


C k = 0, 1, 3, 5, 7, 8

C2 k = 4

0 otherwise

.

Applying (1) of Proposition 5.2.2 and (3) of 5.2.2

µSym2X (t, x) = 1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + t8x6.

By the same reasoning as in the previous example, we also obtain

µS2

X2 (t, x) =
(
1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + t8x6

)
T

+
(
tx+ t2x2 + t3x2 + 2t4x3 + t5x4 + t6x4 + t7x5

)
S

since the sum of the coefficients of T and S has to be the mixed Hodge polynomial
of X2.

(ii) Let us now tackle the case Sym3X. The mixed Hodge polynomial of X3 is

µX3 (t, x) = 1 + 3tx+ 3t2x2 +
(
x3 + 3x2

)
t3 + 9t4x3 + 9t5x4 + t6

(
3x4 + 3x5

)
+9t7x5 + 9t8x6 + t9

(
3x7 + x6

)
+ 3t10x7 + 3t11x8 + t12x9.

By using the description provided in Proposition 2.1.9, one can explicitly determine
that

Hk
(
X3,C

)S3 '


C k = 0, 1, 3, 5, 7, 9, 11, 12

C2 k = 4, 8

0 otherwise

.

This already tells us who is the Poincaré polynomial of Sym3X, but (3) of Propo-
sition 5.2.2 cannot discern who are the weights associated to the degrees k = 3, 9.
Denote by θi and γi the non-trivial cohomological classes of degree respectively 1
and 3 in the factor i of X3. Then the invariant part of the cohomology of degree 3
of X3 is generated by

∑
i γi, so there is only one weight associated to k = 3, x = 2.
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For k = 9, the generators of the cohomology are γ1γ2γ3 and γ̃i = γ̂1γ2γ3
i
θ1θ2θ3, for

i = 1..3. The invariant subspace is generated by γ̃3 − γ̃2 + γ̃1, so there is only one
weight associated to k = 9, x = 2× 2 + 3× 1 = 7. Adding this up one obtains

µSym3X (t, x) = 1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + 2t8x6 + t9x7 + t11x8 + t12x9.

As for (i), we can also obtain the equivariant MHP µS3

X3 (t, x). Setting µS3

X3 (t, x) =
aT + bS + cSt, the provided equations gives us:

a = 1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + 2t8x6 + t9x7 + t11x8 + t12x9

a+ b+ 2c = 1 + 3tx+ 3t2x2 +
(
x3 + 3x2

)
t3 + 9t4x3 + 9t5x4 + t6

(
3x4 + 3x5

)
+9t7x5 + 9t8x6 + t9

(
3x7 + x6

)
+ 3t10x7 + 3t11x8 + t12x9.

If one considers the action of the subgroup S2 = 〈(1, 2)〉 ↪→ S3, its quotient is given
by X3/S2 ' X2/S2 ×X. So by the case (i) and (i) of example 5.2.5

a+ c =
(
1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + t8x6

) (
1 + tx+ t3x2 + t4x3

)
⇒

c = tx+ t2x2 + t3x2 + 3t4x3 + 3t5x4 + t6
(
x4 + x5

)
+ 3t7x5 + 3t8x6

+t9x7 + t10x7 + t11x8

Adding these three equations together, one obtains

µS3

X3 (t, x) =
(
1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + 2t8x6 + t9x7 + t11x8 + t12x9

)
T

+
(
t2x2 + t3x3 + t4x3 + 2t5x4 + t6

(
x4 + x5

)
+ 2t7x5 + t8x6 + t9x6 + t10x7

)
S

+(tx+ t2x2 + t3x2 + 3t4x3 + 3t5x4 + t6
(
x4 + x5

)
+ 3t7x5 + 3t8x6 + t9x7

+t10x7 + t11x8)St.
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CHAPTER 6

Free Abelian Character varieties and their Hodge-Deligne
polynomials

In this chapter we present the main results obtained during my PhD, that are
contained in the pre-print [FLS]. We apply the previous character formulae to
the computation of Hodge-Deligne polynomials of some character varietiesMΓ (G).
Specifically, we will be able to adapt Theorem 5.2.3 to give an explicit recipe to
determine the Hodge-Deligne polynomials of free abelian character varieties of some
complex affine reductive Lie groups G. For some of the classical complex reductive
Lie groups G, the computation will provide the MHP of the irreducible component
of the identity. When the group of characters Γ is the fundamental group of a
Kähler variety, hence finitely generated free abelian of even rank, these spaces are
diffeomorphic to moduli spaces of G-Higgs bundles of surfaces with fundamental
group Γ.

We will start by giving a quick general overview on character varieties, specially
relevant being the descriptions provided in Lemma 6.1.1 and Proposition 6.1.7. Fi-
nally, we will provide algorithmical descriptions, better suited for computation cal-
culations, for the cases G = GL (n,C) , SL (n,C) and Sp (n,C), where MZr (G) is
irreducible and Proposition 6.1.7 provides a complete description. These results are
contained in, respectively, section 2 and 4. In section 3, we make a comparison of
the results obtained for G = GL (n,C) with a formula by J. Cheah. This formula
will also allow for a combinatorial identity, that we could not find out whether it
was noticed before.

6.1. Character Varieties

Given a finitely generated group Γ and a complex affine reductive group G, the
G-character variety of Γ is defined to be the Geometric Invariant Theory (GIT)
quotient:

MΓ(G) = Hom(Γ, G)//G.

Note that Hom(Γ, G), the space of homomorphisms from Γ to G, is an affine variety,
as Γ is defined by algebraic relations, and it is also a G-variety when considering the
action of G by conjugation on Hom(Γ, G).

The GIT quotient above is defined by considering the ring C[Hom(Γ, G)]G of
G-invariant regular functions on Hom(Γ, G), as the closed points of the spectrum of:

Hom(Γ, G)//G := Specmax
(
C[Hom(Γ, G)]G

)
.

This GIT quotient does not parametrize all orbits, since some orbits cannot be
distinguished by invariant functions. In fact, it can be shown that the classes of two
representations ρ, ρ′ : Γ→ G define the same point in Hom(Γ, G)//G if and only the
closures of their conjugation orbits intersect: G · ρ∩G · ρ′ 6= ∅. To better understand
the quotient, we say that ρ ∈ Hom(Γ, G) is polystable if its orbit is closed (either in
the Zariski or the complex topology induced from an embeding Hom(Γ, G) ↪→ CN),
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and denote the subset of polystable elements by

Hom(Γ, G)ps ⊂ Hom(Γ, G).

In [FL1] it was shown that we have a natural bijection:

Hom(Γ, G)//G = Hom(Γ, G)ps/G,

where the quotient on the right, called the polystable quotient, does indeed param-
etrize orbits. The bijection serves also to define on the polystable quotient the
structure of an affine variety.

Consider now a finitely generated free abelian group Γ. It is a simple consequence
of the Theorem on finitely generated abelian groups that Γ = Zr for some natural
number r, the rank of Γ. The corresponding G-character varieties, denoted for
simplicity by

MrG ≡MZrG,

tend to have special properties, and its study is largely related to quotients by Weyl
groups. In general, these varieties MrG are not necessarily irreducible but there
is a unique irreducible subvariety containing the identity representation, that we
denote by M0

rG. This component has some nice properties related to the maximal
torus and the natural Weyl group action on it, the associated quotient providing a
sufficient description for some classical complex reductive Lie groups.

Lemma 6.1.1. Let G be a complex reductive Lie group, T and W its maxi-
mal torus and Weyl group, respectively, and r ≥ 1. Then the normalization of
M0

rG is isomorphic to T r/W . For the classical complex Lie groups G = GL (n,C) ,
SL (n,C), Sp (n,C) or SO (n,C) there is a natural algebraic isomorphism M0

rG
∼=

T r/W .

Proof. This result is the content of [Sik, Theorem 2.1]. �

Remark 6.1.2. (1) Since MrPGL(n,C) is not irreducible (for r, n > 1, see
[FL2]), andEc is additive for stratifications by locally-closed sets, the Ec-polynomials
(and therefore also µ) of the character varieties for the Langlands dual groups
PGL(n,C) and SL(n,C) do not exactly coincide, although those of M0

rG agree.
(2) The classification of complex reductive groups G such thatM0

rG
∼= T r/W is not

complete. See the article of Sikora [Sik] for more details.

For our application of this result, the key point is the fact that T r is a complex
torus, so a cartesian product of punctured complex planes C∗. By the Künneth
isomorphism these varieties cohomology ring’ is an exterior algebra of odd degree 1,
so we can apply Theorem 5.2.3.

Proposition 6.1.3. Let G be a complex reductive algebraic group, such that
M0

rG
∼= T r/W . Then, M0

rG is round and

µM0
rG

(t, u, v) =
1

|W |
∑
g∈W

[det (I + tuv Ag)]
r ,(6.1.1)

where Ag is the automorphism of H1(T,C) induced by the action of g ∈ W .

Proof. Because cartesian products of round varieties are round, and the maxi-
mal torus of G is isomorphic to (C∗)n for some n, T is a round variety and has an al-
gebraic action of W . Then W also acts diagonally on T r = (C∗)nr, soM0

rG = T r/W
is also round by (3) of Proposition (5.2.2). Moreover, the cohomology of T is an
exterior algebra of degree k0 = 1, so Theorem (5.2.3) immediately gives the desired
formula. �
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Remark 6.1.4. The above formula coincides with the Poincaré polynomial for-
mula in [St, Thm. 1.4].1 Indeed, given the identification of H1(T,C) with with the
Lie algebra of T , t ∼= Cn:

H1(T,C) ∼= H1 ((C∗)n ,C) = H1 (C∗,C)n ∼= t,

and the fact that every cohomology class has a left invariant representative, the
action of the Weyl group W = Sn on H1(T,C) coincides with the one used in [St]
in the context of compact Lie groups. In the next Corollary, this is used to remove
the condition that M0

rG
∼= T r/W for the case of the Poincaré polynomial.

Corollary 6.1.5. Let G be a complex reductive algebraic group and r ≥ 1.
Then, the Poincaré polynomial of M0

rG is given by substituting uv = 1 in Equation
(6.1.1).

Proof. From [FL2, Cor. 4.9], there is a strong deformation retraction from
M0

rG to the identity component of the space of commuting r-tuples of elements in
K, up to conjugation, where K is a maximal compact subgroup of G. Hence, these
spaces have the same Poincaré polynomials, and since the formula of [St, Thm. 1.4]
is the same as Equation (6.1.1) with uv = 1, we are done. �

Moreover, in [FL1] it was studied in which caseMrG is an irreducible variety, so
we can also establish in which cases we will obtain a complete description. Specially
instructive is the case G = GL(n,C), where the Weyl group is just the symmetric
group, denoted by Sn. In this case, the quotient T nrG /Sn will be a symmetric product:

Definition 6.1.6. If X is a set, its n-fold Symmetric Product is given by the
natural quotient of Sn on Xn and denoted

Symn(X) = Xn/Sn.

As a set, Symn(X) is the set of unordered n-tuples of (not necessarily distinct)
elements of X.

Proposition 6.1.7. Let G = GL (n,C) , SL (n,C) or Sp (n,C), and let TG ∼=
(C∗)n denote a maximal torus of G. Then we have isomorphisms of affine algebraic
varieties

MrG ∼= T rG/Sn

and for G = GL (n,C) this is isomorphic to Symn(C∗)r.

Proof. By the previous Lemma, this result would follow ifMrG is irreducible.
This is a consequence of [FL1, Theorem 1.2]. The proof of the full result goes
beyond the concepts introduced in this thesis, but we will opt to show the case
G = GL (n,C) directly for illustrative purposes.

Taking the GIT quotient, we identify orbits that intersect, so we can focus on
the closed orbits. For G = Gl(n,C), the matrices of an element (A1, ..., Ar) ∈
Hom(Zr, G) have the same generalized eigenbasis, because they commute. Since the
closure of the orbit of a canonic Jordan form intersects the orbit of its diagonal, we
realize that any (A1, ..., Ar) is identified with an r−tuple of diagonal matrices. Then,
MZr(Gl(n,C)) can be identified with the r power of its maximal torus, TGl(n,C) =
(C∗)n, the set of diagonal matrices, up to Gl(n,C) conjugacy. This amounts to an
action that simultaneously permutes the diagonals of each Ai, so it can be identified

1We thank S. Lawton for calling our attention to the recent preprint [St], where the Poincaré
polynomial of analogous spaces for compact Lie groups is computed by quite different methods.
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with an Sn action. Then, MZr(Gl(n,C)) can be completely described by three
parameters: r, TGl(n,C) and the Weyl Group, Sn:

MZr(Gl(n,C)) = ((C∗)n)
r
/Sn,

with its complex dimension being given by nr. �

The combination of these two last Propositions provide us with the desired recipe
for G as in 6.1.7:

Theorem 6.1.8. Let G = GL (n,C) , SL (n,C) or Sp (n,C). Then the mixed
Hodge polynomial of MrG is given by

µMrG (t, x) =
1

|W |
∑
σ∈W

[det (In + txMσ)]r

where Mσ is the matrix of the automorphism of H1 (TG,C) associated to σ by the
induced representation W y H1 (TG,C). In particular, we conclude that for the
complex reductive groups G above, the variety MrG is round.

Proof. Being a power of C∗, the cohomology of TG is an exterior algebra of
odd degree 1. Then this result is a consequence of Theorem 5.1.4 applied to the
description provided by Proposition 6.1.7. �

6.2. The GL(n,C) and SL(n,C) cases

We now consider the GL (n,C) and SL (n,C)-character varieties of Γ = Zr,
providing more concrete formulas than those on Theorem 6.1.8, better adapted to
computer calculations. The case GL (n,C) is particularly simple, since it is provided
by a symmetric product (Proposition 6.1.7). The cohomology of symmetric products
is a theme of interest, particularly important for us being [Ch, Mac]. Although we
do not use it here, the formula relating the MHS of the symmetric products SymnX
with that of X provided in [Ch] was particularly important, providing not only
confirmation to our beginning results, but also motivating further explorations.

As seen on the previous section, the free abelian character variety of rank r of

GL (n,C) is provided by a symmetric power, namely Symn(C∗)r ∼= ((C∗)r)n
Sn

. We
now provide an even more concrete formula, using the fact that the determinant
provided in Theorem 6.1.8 is invariant on conjugation classes Also, Symn(C∗)r being
given by the diagonal action induced on the product ((C∗)n)r by the natural action
Sn y (C∗)n, it suffices to consider the rank 1 case, as was observed in Theorem
6.1.8. Since Sn acts on TG ∼= (C∗)n by permuting coordinates, the same is true for
the induced action Sn y H1 (TG,C) ∼= Cn. Then it would be useful to consider the
matrices Mσ, denoting the n× n permutation matrix (in some basis) corresponding
to the permutation σ ∈ Sn and let In be the n × n identity matrix. It will be also
useful to introduce some notation. Let n ∈ N and Pn be the set of partitions of n.
We denote by n a general partition in Pn and write it as

n = [1a12a2 · · ·nan ]

where aj ≥ 0 denotes the number of parts of n of size j > 0; then, of course
n =

∑n
j=1 j aj. With this considerations, we get a first reformulation of the equation

provided in Theorem 6.1.8

µMrG (t, x) =
1

n!

∑
n∈Pn

cn
[
det
(
In + txMσn

)]r
,(6.2.1)
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where Mσn stand for the permutation matrix of an element σn with conjugation
class associated to n and by cn := [σn]

Sn
its cardinality, that we compute in the next

Lemma.

Lemma 6.2.1. Let α ∈ Sn be an element associated to the partition n = [1a12a2 · · ·nan ].
Then its conjugation class has cardinal given by∣∣[α]Sn

∣∣ =
n!∏n

i=1 i
aiai!

.

Proof. Start by assuming that α is a cycle of length k > 1, that is, it corre-
sponds to the partition

[
1n−kk

]
. The cardinal

∣∣[α]Sn
∣∣ is then equal to the number of

cycles of length k in Sn. To calculate this number, notice there are n!
(n−k)!

of writing

a cycle of length k in Sn, and since each k-cycle can be written in k different ways,
its number in Sn is given by ∣∣[α]Sn

∣∣ =
n!

k (n− k)!
,

as wanted.
Assume now that α is given by the product of two disjoint cycles of lengths

k2 ≥ k1 > 1, so it corresponds to the partition
[
1n−k1−k2k1k2

]
(or

[
1n−2k1k2

1

]
if

k1 = k2). The cardinal of
∣∣[α]Sn

∣∣ is given by the number of k1-cycles in Sn times the
number of k2-cycles in Sn−k1 , so∣∣[α]Sn

∣∣ =
n!

k1 (n− k1)!
× (n− k1)!

k2 (n− k1 − k2)!

=
n!

k1k2 (n− k1 − k2)!
.

For a general α the formula follows from applying this reason inductively on the
number of cycles of length bigger than 1 in its decomposition in disjoint cycles. �

Theorem 6.2.2. Let G = GL(n,C), the mixed Hodge polynomial for the usual
cohomology of MrG is given by

µMrG (t, x) =
∑
n∈Pn

n∏
j=1

(
1− (−tx)j

)ajr
aj! jaj

,

and for the compactly supported

µcMrG (t, x) = (−t)nr
∑
n∈Pn

n∏
j=1

(
(−tx)j − 1

)ajr
aj! jaj

where in both equations we used the notation n = [1a12a2 · · ·nan ].

Proof. To compute the determinant from equality 6.2.1, is easy to see that if σ
is a cycle σ = (1 · · ·n) ∈ Sn, then det(In− λMσ) = 1− λn. So, for a general general
permutation σ ∈ Sn with cycles given by the partition n we have

det(In − λMσ) =
n∏
j=1

(1− λj)aj .
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since the determinant is conjugation invariant. Now, let cn(σ) be the size of the
conjugacy class of the permutation σ, as a subset of Sn. Then the formula of
equation 6.2.1, with λ = −tuv = −tx, becomes:

µMrG (t, x) =
1

n!

∑
σ∈Sn

[det (In − (−tx)Mσ)]r

=
1

n!

∑
n∈Pn

cn

n∏
j=1

(1− (−tx)j)ajr,

where, as in equality 6.2.1, we replaced the sum over permutations by the sum over
partitions n (each partition repeated cn times). So the first formula follows from
Lemma 6.2.1, that gives cn = n!∏n

i=1 i
aiai!

.

For the second equality, asMrG is given by a finite quotient of a smooth variety
it satisfies Poincaré Duality (Corollary 4.1.18) and we get

µcMrG (t, x) = t2nrxnrµMrG

(
t−1, x−1

)
= (−t)nr(−t)nrxnr

∑
n∈Pn

n∏
j=1

(
1− (−tx)−j

)ajr
aj! jaj

=
(−t)nr

n!

∑
n∈Pn

n∏
j=1

((−tx)j − 1)ajr

aj! jaj

as we wanted to show. �

The formula for µcMrG
(t, x) can be used to get the E-polynomial Ec

MrG
(x) by

replacing t = −1 and by replacing also x = 1 the Euler characteristic χ (MrG) =
χc (MrG).

Corollary 6.2.3. For r ∈ N and G = GL(n,C) we have

Ec
MrG(x) =

1

n!

∑
n∈Pn

cn

|n|∏
j=1

(xnj − 1)r,

and

χ (MrG) = χc (MrG) = 0.

Proof. The formula of Ec
MrG

(x) follows directly from Corollary 6.2.3 with t =
−1 and the compactly supported Euler characteristic follows from χc(X) = EX,c(1)
and, in a partition n ∈ Pn, all parts nj are positive. Finally, since EX(x) =
xdEX,c(x

−1) for a variety that satisfy Poincaré duality, we get the same result for
the usual Euler characteristic χ(MrG). �

We also obtain the mixed Hodge polynomial for MrSL(n,C), by relating it to
MrGL(n,C).

Lemma 6.2.4. The mixed Hodge polynomials of the free abelian character vari-
eties of GL(n,C) and SL(n,C) are related by

µMrGL(n,C) (t, x) = (1 + tx)r µMrSL(n,C) (t, x) .
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Proof. We will actually prove something a bit stronger, namely that the equi-
variant polynomial of the Sn action on the maximal torus of Gl(n,C) is related

to the one on Sl(n,C) by a factor of (1 + tx)r. Taking X = (C∗)n and X̃ =
{z ∈ X|

∏
zi = 1}, respectively the maximal torus of Gl(n,C) and Sl(n,C), this

means

µSnXr (t, x) = (1 + tx)r µSn
X̃r

(t, x) .

From (2) of Proposition 5.1.2, it suffices to show this for r = 1. Consider the
fibration of quasi-projective varieties

C∗ ↪→ X
π−→ X̃

where π (z1, . . . , zn) =
(
z1, . . . , zn−1,

1
z1...zn−1

)
. By considering the trivial action on

C∗, this is a fibration of Sn-varieties with trivial monodromy, since it is a C∗-principal
bundle. Then Proposition 5.2.4 gives us an equality of the equivariant E polynomials.
The result also applies for the MHP, since the varieties in consideration are round.

�

Notice the equality provided in this result gives an alternative, and in some sense
simpler, proof that χ(MrGL (n,C)) = 0. Underneath we present the explicit Hodge-
Deligne polynomials for G = SL(n,C) and the respective Euler characteristic.

Corollary 6.2.5. For r ∈ N and G = SL(n,C) we have

µMrG (t, x) =
1

(1 + tx)r
∑
n∈Pn

n∏
j=1

(
1− (−tx)j

)ajr
aj! jaj

The compactly supported version is then

µcMrG (t, x) =
(−t)nr

(t+ t2x)r
∑
n∈Pn

n∏
j=1

(
(−tx)j − 1

)ajr
aj! jaj

.

Proof. The MHP’s may be obtained by applying the previous Lemma to The-
orem 6.2.2, noticing that in the compactly supported case we can apply Poincaré
Duality, so the MHP of SL(n,C) and GL(n,C) are related by (t+ t2x)

r
. �

We will now present the E-polynomial and the Euler characteristic.

Corollary 6.2.6. Let G = SL(n,C). Then, we have:

EMrG (x) =
1

(1− x)r
∑
n∈Pn

n∏
j=1

1

δ(n)

(1− xj)ajr

aj! jaj

Ec
MrG (x) =

∑
n∈Pn

1

δ(n)
pn(x)r,

where δ(n) :=
∏n

j=1 aj! j
aj , and pn(x) = 1

x−1

∏n
j=1(xj − 1)aj . Also, χ(MrG) =

χc(MrG) = nr−1.

Proof. The formulas for the E-polynomials follow from replacing t = −1 on
the previous result. For the Euler characteristic, similar reasons as the ones for
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GL (n,C) give an equality between the compactly supported and usual versions.
We need to compute Ec

MrG
(1). First note that the order of the rational function

f(x) =

∏n
j=1(xj − 1)aj

x− 1

at x = 1 is precisely
(∑n

j=1 aj

)
− 1. So, unless

∑n
j=1 aj = 1, f(1) = 0. But the

only partition with
∑n

j=1 aj = 1 is n = [n1] (partition with only one part of lenght

n), which corresponds to a cyclic permutation such as (1 · · ·n) ∈ Sn. The size of its
conjugacy class is cn = (n− 1)! and we get

χ (MrG) = Ec
MrG(1) =

1

n!
(n− 1)! lim

x→1

(
xn − 1

x− 1

)r
=

1

n
nr = nr−1,

as we wanted to show. �

Finally, we can use this result to get the mixed Hodge polynomial of the sym-
metric products of SL (2,C):

Corollary 6.2.7. The mixed Hodge polynomial of Symn (SL (2,C)) is given by

µSymn(SL(2,C)) (t, x) = µMZ(Gl(n,C))

(
t3, x2

)
.

Proof. The mixed Hodge polynomial of X = SL (2,C) is given by 1 + t3x2.
This is, for instance, a consequence of [De3, Theorem 9.1.5], or one could apply to
the filtration

SL (2,C) ↪→ GL (2,C)
det−→ C∗

(4) of Proposition 2.2.5 and the limitations on weights provided in Proposition 2.1.5.
Then the induced action of Sn on H3k (Xn,C) is equivalent to the induced action
of Sn on Hk ((C∗)n ,C) for Symn (C∗). We conclude that we have a relation of
equivariant MHP:

µSnXn (t, x) = µSn(C∗)n
(
t3, x2

)
and the above equality follows from MZ(Gl(n,C)) and Symn (C∗) having the same
mixed Hodge polynomial. �

Remark 6.2.8. We remark that the Ec-polynomials ofMZrSL (n,C) for n = 2, 3
are already present in [LMu]. For n ≥ 4 all this formulas are new. Moreover, as com-
mented, they easily turn into mixed Hodge polynomials substituting x 7→ −tx. All
the formulas are extremely simple to implement in the available computer software
packages. For convenience, we present in the last chapter of results and conclusions
some examples of Ec

MZrSL(n,C) for small values of n.

6.3. Symmetric products and Cheah’s formula

We now present a comparison between our results in the previous section and
the ones obtained by J. Cheah on the mixed Hodge structure of symmetric products
[Ch]. In particular, this study will provide a combinatorial identity that we could
not find out whether it was noticed before.

So far, our approach to Hodge numbers for the character varieties MrG, for
G = GL(n,C) and SL(n,C) is well adapted to fixing n ∈ N, and let r be arbitrary,
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as we can see from Theorem 6.2.2 and Corollary 6.2.5. On the other hand, since the
GL(n,C)-character varieties of Zr are symmetric products

MrG =MrGL(n,C) = Symn(C∗)r,
we can apply a formula of J. Cheah [Ch] for the mixed Hodge numbers of symmetric
products. Indeed, this will lead to an “orthogonal” approach: by fixing small values
for r ∈ N, we obtain simple formulas valid for all n ∈ N.

Let X be a quasi-projective variety with given compactly supported Hodge num-
bers hk,p,qc (X). Cheah’s formula gives the generating function of the mixed Hodge
polynomials of all symmetric products X(n) = SymnX:

(6.3.1)
∑
n≥0

µcX(n)(t, u, v) zn =
∏
p,q,k

(
1− (−1)kupvqtkz

)(−1)k+1hk,p,qc (X)
.

If one assumes that X satisfies Poincaré duality, then so does X(n) ∼= Xn

Sn
by∑

n≥0

µcX(n)(t, u, v) zn =
∏
p,q,k

(
1− (−1)kupvqtkz

)(−1)k+1hk,p,qc (X)

since in that case X(n) also satisfies Poincaré Duality by Corollary 4.1.18. Then
formula (6.3.1) has a version for the usual cohomology, that we now state.

Proposition 6.3.1. Let X satisfy Poincaré duality. Then∑
n≥0

µX(n)(t, u, v) zn =
∏
p,q,k

(
1− (−1)kupvqtkz

)(−1)k+1hk,p,q(X)
.

Proof. This is a simple calculation. Let X have complex dimension d. From
the relation between µX and µcX provided by Poincaré duality, Cheah’s formula
(6.3.1) is equivalent to:∑
n≥0

µX(n)(t−1, u−1, v−1) (t2uv)ndzn =
∏
p,q,k

(
1− (−1)kupvqtkz

)(−1)k+1h2d−k,d−p,d−q(X)

Now, changing the indices (k, p, q) to (k′, p′, q′) = (2d−k, d−p, d−q), which preserves
the parity of k, we obtain∑
n≥0

µX(n)(
1

t
,

1

u
,

1

v
)
(
(t2uv)dz

)n
=
∏
p′,q′,k′

(
1− (−1)k

′
u−p

′
v−q

′
t−k

′
(t2dudvdz)

)(−1)k
′+1hk

′,p′,q′ (X)

which is clearly equivalent to the desired formula, under the substitution:
(t−1, u−1, v−1, t2dudvdz) 7→ (t, u, v, z). �

So for varieties satisfying Poincaré duality, Cheah’s formula stays unaffected
when passing from µc to µ and from hk,p,qc to hk,p,q. In the case of round varieties,
where the total weights wt totally determine the degrees by k = 1

2
wt, all sums and

products reduce to a single index.

Proposition 6.3.2. Let X be a round variety of dimension d satisfying Poinceré
duality. Then∑

n≥0

µX(n)(t, u, v) zn =
∏
k

(
1− (−tuv)kz

)(−1)k+1hk,k,k(X)
.

Proof. This is immediate from Proposition (6.3.1), since the only non-zero
Hodge numbers of a round variety X are hk,k,k(X), for some k. �
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We are now ready to apply this formula to MrGL(n,C). Since this space is
Symn(C∗)r, we should consider X = (C∗)r.

Corollary 6.3.3. Let G = GL(n,C). Then:∑
n≥0

µMrG(t, u, v) zn =
∏
k≥0

(
1− (−tuv)kz

)(−1)k+1(rk) =

∏
k odd

(
1 + (tuv)kz

)(rk)∏
k even (1− (tuv)kz)(

r
k)
.

Proof. Letting X = (C∗)r, d = r = dimX, and hk,k,k(X) =
(
r
k

)
, 0 ≤ k ≤ r,

the proof is immediate from Proposition (6.3.2). �

Example 6.3.4. The simplest example of this formula is when r = 1. In this
case, X = C∗ and

(
1
0

)
=
(

1
1

)
= 1, so we expand the right hand-side as a power series

in z, as:

1 + tuvz

1− z
= (1 + tuvz)

∑
n≥0

zn =
∑
n≥0

zn +
∑
n≥1

tuvzn = 1 +
∑
n≥1

(1 + uvt) zn

So, with r = 1, for n ≥ 1, µM1GL(n,C)(t, u, v) = 1 + tuv which agrees with the fact
thatM1GL(n,C) = Symn(C∗) ∼= Cn−1×C∗ has the same Hodge structure than C∗.

The case with r = 2 is an interesting result in itself.

Proposition 6.3.5. Let G = GL(n,C), r = 2 and n ≥ 1. Then:

µM2G(t, u, v) = (1 + tuv)2(1 + (tuv)2 + ...+ (tuv)2n−2),

PM2G(t) = (1 + t)2(1 + t2 + · · ·+ t2n−2) and χ(M2G) = 0.

Proof. We now have
(

2
2

)
=
(

2
0

)
= 1 and

(
2
1

)
= 2 so we expand the right hand-

side of 6.3.3 as a power series in z, writing λ = tuv for simplicity:

(1 + λz)2

(1− z)(1− λ2z)
= 1 +

(1 + λ)2

1− λ2

(
1

1− z
− 1

1− λ2z

)
= 1 +

(1 + λ)2

1− λ2

(∑
n≥0

zn −
∑
n≥0

λ2nzn

)
= 1 + (1 + λ)2

∑
n≥0

(
1 + λ2 + · · ·+ λ2n−2

)
zn.

This gives the desired formulas for M2GL(n,C), with λ = tuv, with uv = 1 for
PM2G and λ = −1 for the Euler characteristic. �

The next corollary follows immediately from Lemma 6.2.4.

Corollary 6.3.6. Let G = SL(n,C), r = 2 and n ≥ 1. Then:

µM2G(t, x) = 1 + (tx)2 + ...+ (tx)2n−2,

PM2G(t) = (1 + t2 + · · ·+ t2n−2) and χ(M2G) = n.

Remark 6.3.7. The equality of Poincaré polynomials PM2SL(n,C) = PPn−1
C

is not

a coincidence. In fact, by non-abelian Hodge correspondence,M2SL(2,C) is diffeo-
morphic to the cotangent bundle of Pn−1

C , which is the moduli space of semistable
bundles over an elliptic curve with rank n and trivial determinant.

We finish this section with an interesting purely combinatorial identity. We could
not find out whether this identity was noticed before. Recall that I is the identity
matrix and Mσ is the permutation matrix associated to σ ∈ Sn.
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Theorem 6.3.8. Fix r ∈ N. Then, for formal variables x, z (or for z, x ∈ C
where the series and products converge), we have:∏

k≥0

(
1− xkz

)(−1)k+1(rk) =
∑
n≥0

∑
σ∈Sn

zn

n!
det(In − xMσ)r.

Proof. Putting together Corollary 6.3.3 and the formula for µMrGL(n,C) in The-
orem (6.1.8) we obtain∑

n≥0

1

n!

∑
σ∈Sn

[det (In + tuvMσ)]r zn =
∏
k≥0

(
1− (−tuv)kz

)(−1)k+1(rk)

which reduces to the desired identity, by setting x = −tuv. �

6.4. The Sp (n,C) case

Consider now the G = Sp (n,C)-character variety of Γ = Zr, MrG. By Propo-
sition 6.1.7 one has an algebraic isomorphism:

MrSp (n,C) ∼= T r/Σn,(6.4.1)

where Σn is the Weyl group of Sp (n,C), and T = TSp(n,C) its maximal torus, and
as before the description provided in Theorem 6.1.8 applies.

It is well known that the Weyl group Σn is isomorphic to a semidirect product
(Z/2Z)n o Sn and that it can be characterized as the subgroup of S±n ∼= S2n, the
symmetric group of permutations of the set {±1, · · · ,±n}, defined by

Σn := {α ∈ S±n| − α (k) = α (−k) , ∀k ∈ {±1, · · · ,±n}} ⊂ S±n.

The group Σn acts on

TSp(n,C) =
{(
z1, . . . , zn, z

−1
1 , . . . , z−1

n

)
| (z1, . . . , zn) ∈ (C∗)n

} ∼= (C∗)n

as the restriction of the natural S±n-action given by identifying the n coordinates
of
(
z−1

1 , . . . , z−1
n

)
as having negative indices. If σ ∈ Σn, the induced action on

H1
(
TSp(n,C),C

) ∼= Cn is then given by

σ. (z1, · · · , zn) =

(
σ (1)

|σ (1)|
z|σ(1)|, · · · ,

σ (n)

|σ (n)|
z|σ(n)|

)
.(6.4.2)

So, using |Σn| = 2nn!:

µMrG (t, u, v) =
1

2nn!

∑
σ∈Σn

[det (In + tuvMσ)]r ,(6.4.3)

where Mσ is now the n × n matrix corresponding to the linear map in Equation
(6.4.2).

As in the GL (n,C) case, where we used the bijection between partitions and
conjugation classes in Sn, we now pursue a more concrete formula for µMrG better
adapted to computer calculations. For this, it will be important to have a good
characterization of the conjugation classes of Σn, for which a better understanding
of this group is fundamental.

Proposition 6.4.1. Let Σn be the Weyl group of Sp (n,C). One has:

(1) Σn is given by the fixed points of the automorphism

γ : S±n → S±n(
a1

1, . . . , a
1
k1

)
. . .
(
am1 , . . . , a

m
km

)
7→

(
−a1

1, . . . ,−a1
k1

)
. . .
(
−am1 , . . . ,−amkm

)
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(2) any element in Σn can be written as a disjoint product of cycles fixed by γ
and disjoint pairs of cycles of the form (a1, . . . , ak) (−a1, . . . ,−ak) ;

(3) any element in Σn can be written as a product of bi-cycles of the form
(a,−a) and (a, b) (−a,−b).

Proof. For (1), let

α =
(
a1

1, . . . , a
1
k1

)
. . .
(
al1, . . . , a

l
kl

)
be the usual decomposition of some element in S±n. Assume α ∈ Σn, then

α̃ =
(
−a1

1, . . . ,−a1
k1

)
. . .
(
−al1, . . . ,−alkl

)
is also the decomposition into disjoint cycles of some permutation in S±n. Moreover,
for every k we have α̃ (−k) = −α (k), so indeed α = α̃. Assume now that

α =
(
a1

1, . . . , a
1
k1

)
. . .
(
al1, . . . , a

l
kl

)
=
(
−a1

1, . . . ,−a1
k1

)
. . .
(
−al1, . . . ,−alkl

)
,

then it is a simple observation that α (−k) = −α (k), so the first statement follows.
For an α ∈ Σn, the second statement follows from applying (1) to the decompo-

sition into disjoint cycles of α in S±n.
From (2) it suffices to see that statement (3) applies for fixed cycles by γ and

pairs of disjoint cycles of the form (a1, . . . , ak) (−a1, . . . ,−ak). This can be easily
seen by noticing

(a1, . . . , ak) (−a1, . . . ,−ak) = (a1, a2) (a2, . . . , ak) (−a1,−a2) (−a2, . . . ,−ak)
= (a1, a2) . . . (ak−1, ak) (−a1,−a2) . . . (−ak−1,−ak)
= (a1, a2) (−a1,−a2) . . . (ak−1, ak) (−ak−1,−ak)

and

(a1, . . . , ak,−a1, . . . ,−ak) = (a1, a2) . . . (ak,−a1) (−a1,−a2) . . . (−ak−1,−ak) (−ak, a1)

= (a1, a2) (−a1,−a2) . . . (ak,−a1) (−ak, a1)

so we are done. �

With this result is now easy to characterize the conjugation classes of Σn, those
being related to the decomposition provided in (2). For this reason, let us name
these elements:

Definition 6.4.2. If α = (a1, · · · , ak,−a1, · · · ,−ak) ∈ Σn, so α is a fixed cycle
by γ, we say it is a Mirror Cycle of Length k, if it is given by a disjoint product of
the form α = (a1, · · · , ak) (−a1, · · · ,−ak), we say it is a Twin Cycle of Length k.

Using the terminology on this definition, (2) of last result says that any element
in Σn can be written as a disjoint product of mirror and twin cycles. Indeed, this
decomposition will play a similar role in the characterization of conjugation classes
of Σn as the one played by disjoint cycles for Sn, this being in bijection with what
we call bipartitions of n.

Definition 6.4.3. Let m, k ∈ N0 and m ∈ Pm, k ∈ Pk. We say that (m, k) is a
bipartition of n iff m+ k = n, and denote the set of all such partitions by Bn.

Corollary 6.4.4. The conjugation classes of Σn are in bijection with Bn.

Proof. Let α ∈ Σn. From (2) of the previous result one can write α as

α = (η1η̄1 · · · ηlη̄l)(γ1 · · · γk),
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where each ηj η̄j is a twin cycle, and γi is a mirror cycle. Denoting by ki the length
of the twin cycle ηiη̄i and by li the length of the mirror cycle γi, one has

2

(
l∑

i=1

li +
k∑
j=1

kj

)
= 2n

since the above decomposition is also a decomposition into disjoint cycles in S±n.
But then associated to the decomposition into mirror and twin cycles we have a
bipartition of n given by l1 + · · ·+ ll + k1 + · · ·+ kl = n.

Recalling that any element in S±n decomposes as a product of bi-cycles, conju-
gation in this group consists in permuting letters in the decomposition in disjoint
cycles. But then from (3) of the previous result, we are conjugating by an element of
Σn iff exchanging a by b implies we are also exchanging −a by −b. Then conjugation
in Σn preserves the decomposition into twin and mirror cycles, and moreover this
decomposition completely characterizes the conjugation class. �

From the formula provided by Theorem 6.1.8 combined with the fact that the
determinant is conjugation invariant, it will be also useful to have a characterization
of the cardinalitites of conjugation classes in Σn.

Lemma 6.4.5. Let α ∈ Σn be associated to the bipartition
(
[1a1 · · · kak ] ,

[
1b1 · · · lbl

])
,

then ∣∣[α]Σn
∣∣ =

2n−|m+k|n!

δ(m)δ(k)

where δ(k) =
∏k

j=1 aj!j
aj and similarly for δ(l).

Proof. Start to suppose that α is given by a mirror or cycle of length k > 1,
then the cardinal of [α]∑

n
corresponds to the number of mirror cycles of length k in

Σn. Since the first half of a mirror cycle perfectly determines the second, one has∣∣∣[α]∑
n

∣∣∣ = 2k−1 n!
k.(n−k)!

= 2n−(n−k+1) n!
k.(n−k)!

, which agrees with the intended formula

since α corresponds to the bipartition
([

1n−k
]
, [k]
)
. If one supposes that α is a twin

cycle, each one of length k, the cardinal of [α]Σ(n) is also given by 2k−1 n!
k.(n−k)!

, since

one cycles perfectly determines the other. If α is given by the product of two cycles,
mirror or twin, of length k1, k2 > 1, one obtains the cardinal of its conjugation class
by counting the number of k1 cycles in Σn and multiplying it by the number of k2

cycles in Σn−k1 :∣∣[α]Σn
∣∣ = 2k1+k2−2 n!

k1 (n− k1)!
× (n− k1)!

k2 (n− k1 − k2)!

= 2k1+k2−2 n!

k1k2 (n− k1 − k2)!
.

For a general element the formula follows from applying this reason inductively on
the number of mirror and twin cycles of length bigger than 1. �

We are now in conditions of completely characterizing the mixed Hodge polyno-
mial µMrSp(n,C) (t, x), as promised.

Theorem 6.4.6. Let G = Sp(n,C), n, r ≥ 1. Then:

µMrG (t, x) =
∑

(k,l)∈Bn

1

2|m+k|δ(k)δ(l)

(
k∏
i=1

(1− (−tx)i)ai
l∏

j=1

(1 + (−tx)j)bj

)r
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and

µcMrG (t, x) = (−t)nr
∑

(k,l)∈Bn

1

2|m+k|δ(k)δ(l)

(
k∏
i=1

((−tx)i − 1)ai
l∏

j=1

((−tx)j + 1)bj

)r

where we used the notation k = [1a12a2 · · · kak ], l = [1b12b2 · · · lbl ], as in the

previous result δ(k) =
∏k

j=1 aj!j
aj and similarly for δ(l).

Proof. Starting from the formula provided in Theorem 6.1.8, we compute the
determinants in analogy with the proof of Theorem (6.2.2). It is easy to see that,
if σ is a full length twin cycle σ = (1 · · ·n)(−1, · · · ,−n) ∈ Σn ⊂ S±n, and Mσ is
the permutation matrix (in any basis, as the determinant is conjugation invariant)
corresponding to the action of σ in H1(TSp(n,C),C), then det(In − λMσ) = 1 − λn,
as in the GL(n,C) case. In the same way, if σ is a full length mirror cycle σ =
(1 · · ·n,−1, · · · ,−n) ∈ Σn ⊂ S±n, then det(In − λMσ) = 1 + λn, since Mσ equals a
permutation matrix with one of the 1 entries replaced by −1, as can be easily seen
from the equation

(1 · · ·n,−1, · · · ,−n) = (1 · · ·n)(−1, · · · ,−n)(, ).

. So, for a σ ∈ Σn being a product of ai bi-cycles ηη̄, with η of length i, and bj
mirror cycles of length 2j we get

det(In − λMσ) =
k∏
i=1

(1− λi)ai
l∏

j=1

(1 + λj)bj .

Noting that this σ corresponds to the bipartition (k, l) = ([1a12a2 · · ·mam ], [1b12b2 · · · kbk ]),
and each term is repeated as many times as the elements in its conjugacy class, one
obtains by replacing λ = −tx and |Σn| = 2nn!:

µMrG (t, x) =
1

2nn!

∑
(k,l)∈Bn

c(k,l)

(
k∏
i=1

(1− (−tx)i)ai
l∏

j=1

(1 + (−tx)j)bj

)r

,

where c(k,l) stands for the cardinality of the associated conjugation class in Σn. Then
the first formula in this result follows from applying to this one the previous Lemma.
Also similarly to the GL (n,C)-case, the varietyMrG satisfies Poincaré Duality, and
we get

µcMrG (t, x) = t2nrxnrµMrG

(
t−1, x−1

)
= (−tx)nr (−t)nr

∑
(k,l)∈Bn

1

2|m+k|δ(k)δ(l)

(
k∏
i=1

(1− (−tx)−i)ai
l∏

j=1

(1 + (−tx)−j)bj

)r

= (−t)nr
∑

(k,l)∈Bn

(−tx)r(
∑
aii+

∑
j bjj)

2|m+k|δ(k)δ(l)

(
k∏
i=1

(1− (−tx)−i)ai
l∏

j=1

(1 + (−tx)−j)bj

)r

= (−t)nr
∑

(k,l)∈Bn

1

2|m+k|δ(k)δ(l)

(
k∏
i=1

((−tx)i − 1)ai
l∏

j=1

((−tx)j + 1)bj

)r

,

and we are done. �

We will finish this section by providing the formula of the E-polynomial for the
compactly supported cohomology, and leave to the second section of the chapter
on results and conclusions some concrete formulas for low values of n. We also
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recall that these varieties being round implies that knowledge in this polynomial is
enough to recover the mixed Hodge polynomial for the compactly supported and
usual cohomology, as well as the E-polynomial for the usual cohomology.

Corollary 6.4.7. Using the same notation as in Theorem 6.4.6, the E-polynomial
for the compactly supported cohomology of MrG is given by

Ec
MrG (x) =

∑
(m,k)∈Bn

1

2|m+k|δ(k)δ(l)

m∏
j=1

(
xj − 1

)ajr k∏
i=1

(
xi + 1

)bir ,
and consequently the Euler characteristic is

χ(MrG) = χc(MrG) =
∑

n∈Pn
2(r−1)|n|

δ(n)
.

Proof. To obtain the E-polynomial it suffices to replace t = −1 in the second
formula of the last Theorem. For the Euler characteristic, we need to evaluate this
formula at x = 1. Note that all factors in the first products vanish, except when
all ai = 0. This means that we only consider bipartitions of the form (k, l) = (∅, n)
with n = [1b1 · · ·nbn ]. The formula gives:

χ(MrG) = Ec
MrG (1)

=
∑
n∈Pn

1

2|n|δ(n)

n∏
i=1

2bir

=
∑
n∈Pn

2(r−1)|n|

δ(n)
,

as wanted. �
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CHAPTER 7

Mixed Hodge Structures on finite diagonal quotients

Let X be a complex quasi-projective G-.variety, for G a finite group. On the
fifth chapter we described how to obtain the mixed Hodge polynomial of X from the
equivariant mixed Hodge polynomial µGX (t, u, v) ((1) of Proposition 5.2.2). More-
over, when the cohomology of X is an exterior algebra of odd degree k (Definition
5.1.3), the equivariant Poincaré polynomial is completely determined from the in-
duced action Gy Hk (X,C).

For a variety X with a general mixed Hodge structure, the induced action Gy
H∗,∗,∗ (X,C) is no longer determined by the exterior product in any particular odd
degree, so the description above does not apply. Indeed, in a general setting a
total description of G y H∗;∗,∗ (X,C) is only provided by µGX (t, u, v), that is, the
knowledge of the action in each piece of the decomposition provided by the mixed
Hodge structure.

In this chapter we want to approach the more general problem of obtaining the
mixed Hodge polynomial of a diagonal quotient X×Y/G, for two G-varieties X and
Y with a mixed Hodge structure of general type. More specifically, if one has the
equivariant MHPs µGX (t, u, v) , µGY (t, u, v) and the character table of G, CG, what is
the MHP of X × Y/G? An answer to this question is possible due to compatibility
with the Künneth isomorphism, that provides

µGX×Y (t, u, v) = µGX (t, u, v) � µGY (t, u, v) .

This motivates an attempt to diagonalize operators in R (G), the representation
ring of G. We are particularly interested in obtaining the coefficient of the triv-
ial representation of µGX×Y (t, u, v) = µGX (t, u, v) � µGY (t, u, v), since this equals
µX×Y/G (t, u, v). Let us start by a motivating example.

Example 7.0.1. Let X = P1
C be the complex line, we will obtain the mixed

Hodge polynomial of the symmetric product Sym2 (Xr) (Definition 6.1.6). In this
case, the action S2 y X2r is given by the diagonal action of the natural action
S2 y X2. Being a compact Kähler and separably pure manifold, X2 has a well
known MHP given by

µX2 (t, x) = 1 + 2t2x+ t4x2.

The S2 action on the MHS of X thus coincides with its action on cohomology, that
is perfectly determined by how S2 transforms the Kähler form ω. So this action is
the trivial one on H0 (X,C) = H0;(0) (X,C) and H4;(2) (X,C), and the natural S2

action on the second dimensional complex vector space H2;(1) (X,C) (taking ω1 and
ω2 to be the Kähler forms on each factor of X2, they generate H2 and S2 acts by
swapping them). From this we conclude

µS2

X2 (t, x) =
(
1 + t4x2

)
T + (T + S) t2x

=
(
1 + 2t2x+ t4x2

)
T + t2x× S

85



for T the trivial representation and S the sign representations. Another way to
deduce this formula is by using (1) of Proposition 5.2.2, since both the MHP of
X2 and X2/S2 ' P2

C are known. Our method intends to give us the mixed Hodge
polynomial of

Symn
(
P1
C
)r

from µS2

X2 (t, x) and the character table of S2. Then we have

µS2

X2r (t, x) =
[(

1 + 2t2x+ t4x2
)
T + St2x

]r
,

that can easily seen to be equal to∑
i even

(
r
i

)(
1 + 2t2x+ t4x2

)r−i
t2ixi+

S
∑
i odd

(
r
i

)(
1 + 2t2x+ t4x2

)r−i
t2ixi.

Hence

µSym2(P1
C)
r (t, x) =

b r2c∑
i=0

(
r
2i

)(
1 + 2t2x+ t4x2

)r−2i
t4ix2i.

7.1. Diagonal Operators in R (G)

Let G be a finite group and a, b ∈ R (G) some general representations. The
attempt to calculate the powers of MHP motivates an interest in the symmetric
linear operators

Ma : R (G) → R (G)

c 7→ a� c

By linear expansion we can associate this map to a symmetric, thus diagonalizable,
endomorphism of Ck. Our interest is to obtain the information needed to explicitly
obtain an expression for a � b from their decomposition into irreducibles and the
character table of G. Recall that the character table CG is built by calculating the
associated characters of the irreducible representations in each conjugation class.
Such values perfectly determine the associated character, hence the representation.
For the rest of this chapter, {Ti}ni=1 will stand for a basis of irreducibles of R (G)
(for convention purposes we assume T1 = T, the trivial representation), {[ci]}ni=1 the
conjugation classes ([c1] being the conjugation class of the identity). The character
table will be given by CG := (χi ([cj]))

n
i,j=1 = (ci,j)

n
i,j=1, where χi stands for the

character of Ti. In the following result, we describe how to obtain the character
associated to a representation given by its decomposition into irreducibles. This is
an easy computation with the character table.

Lemma 7.1.1. Let a =
∑

i aiTi be a generic representation written in the irre-
ducible basis. Then the character of a is given by

χa ([ci]) = c1,ia1 + · · ·+ ck,iak.
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Proof. Given the definition of CG, the vector (χa ([c1]) , · · · , χa ([ck])) can be
obtained by:

(
a1 · · · ak

)
CG =


a1c1,1 + · · ·+ akck,1

...
a1c1,i + · · ·+ akck,i

...
a1c1,k + · · ·+ akck,k


T

as we wanted. �

Recalling that characters are multiplicative for the tensor product, this lays out
a way to obtain the decomposition of a� b. First we write a and b as characters, ob-
taining the expression for a�b as a character by multiplying the entries. Afterwards,
we multiply by C−1

G to get it in the irreducible basis. Then, it will be convenient to
have a good characterization of C−1

G . That can be obtained as a simple re-statement
of Schur orthogonality relations for columns.

Lemma 7.1.2. Let G be a finite group and CG = (ci,j)
k
i,j=1 its character table.

The inverse C−1
G is given by c−1

i,j = 1
βi
ci,j, where βi =

k∑
j=1

|ci,j|2 =
k∑
j=1

|χi([cj])|2 = |G|
|[ci]|

is the order of the centralizer of the respective conjugacy class.

Proof. The Schur orthogonality relations for columns are equivalent to CG×C∗G
being a diagonal matrix, whose entries are

k∑
j=1

χi([cj])χi([cj]) =
k∑
j=1

|χi([cj])|2 = βi.

From this the general form of C−1
G follows. �

The key result in this section is given by:

Proposition 7.1.3. Let a =
∑

i aiTi and b =
∑

i biTi be generic representations
of a finite group G. Then the coefficient of the trivial representation of a�b is given
by

1

|G|

k∑
l=1

|[cl]| (c1,la1 + · · ·+ ck,lak) (c1,lb1 + · · ·+ ck,lbk) .

Proof. The Lemma 7.1.1 together with the multiplicative property of charac-
ters gives us:

χa�b ([cl]) = (c1,la1 + · · ·+ ck,lak) (c1,lb1 + · · ·+ ck,lbk) .

To decompose a�b into irreducibles it then suffices to multiply this vector (χa�b ([ci]))i
by C−1

G . Moreover, since we want the coefficient of the trivial representation, we only
need its first entry. From Lemma 7.1.2 the first line of C−1

G equals:(
c−1

1,1, · · · , c−1
1,k

)
=

(
1

β1

, · · · , 1

βk

)
=

(
|[c1]|
|G|

, · · · , |[ck]|
|G|

)
so the result follows. �
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Remark 7.1.4. We notice that this result applies for any number ofG-representations.
So, if we are considering the r-power ar = a� · · ·� a, the above formula becomes

1

|G|

k∑
l=1

|[cl]| (c1,la1 + · · ·+ ck,lak)
r .

It is a simple observation that this result remains valid if we consider field exten-

sions. Then taking C � � // C (t, u, v) , one may apply this result to mixed Hodge

polynomials:

Theorem 7.1.5. Let X be a complex quasi-projective G-variety, for a finite group

G. Assume also that µGX (t, u, v) =
[∑k

l=1 al (t, u, v)Tl

]
�
[∑k

l=1 bl (t, u, v)Tl

]
. Then

the mixed Hodge polynomial of the quotient X/G is

µ(X×Y )/G (t, u, v) =
1

|G|

k∑
l=1

|[cl]| (c1,la1 + · · ·+ ck,lak) (c1,lb1 + · · ·+ ck,lbk) .

The motivation for us was the case where one has a G-variety X and consider the
diagonal action in Xr. This is the case of the diagonal action considered in Section
6.2, for which this result provides an alternative characterization.

Corollary 7.1.6. Let X, Y be complex quasi-projective G-varieties, for a finite
group G and µGX (t, u, v) =

∑k
l=1 al (t, u, v)Tl, µ

G
Y (t, u, v) =

∑k
l=1 bl (t, u, v)Tl the

respective equivariant mixed Hodge polynomials. Then the mixed Hodge polynomial
of the quotient (X × Y ) /G given by the diagonal action is

µ(X×Y )/G (t, u, v) =
k∑
l=1

1

βl
(c1,la1 + · · ·+ ck,lak) (c1,lb1 + · · ·+ ck,lbk) .

Consequently, the mixed Hodge polynomial of the quotient associated to the in-
duced diagonal action Gy Xr is given by

µXr/G (t, u, v) =
1

|G|

k∑
l=1

|[cl]|

(
k∑
i=1

ai (t, u, v) ci,l

)r

.

In the end of section 5, we obtain several equivariant mixed Hodge polynomials
as a consequence of the equality between the MHP of X/G and the coefficient of the
trivial representation µGX . With this result, we can use these examples to obtain the
mixed Hodge polynomials of the respective Xr/G.

Example 7.1.7. In example 5.2.5 we used the equivariant polynomial to obtain
the MHP of (P1

C)
3
/ (Z/3Z) by first determining the equivariant MHP

µ
Z/3Z

(P1
C)

3 (t, x) =
(
1 + t2x+ t4x2 + t6x3

)
C +

(
t2x+ t4x2

)
(Cω + Cω2) .

. We will now be able to use this result to obtain the mixed Hodge structure of the

diagonal quotient X3,r :=
(

(P1
C)

3
)r
/ (Z/3Z). The character table of Z/3Z is given

by:

CZ/3Z =

 1 1 1
1 ω ω2

1 ω2 ω
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so

µX3,r (t, x) =
1

3

[(
1 + 3t2x+ 3t4x2 + t6x3

)r
+ 2

(
1 + t6x3

)r]
.

As for (P1
C)

4
/ (Z/4Z), the equivariant MHP is given by

µ
Z/4Z

(P1
C)

4 (t, x) =
(
1 + t2x+ 2t4x2 + t6x3 + t8x4

)
C1 +

(
t2x+ t4x2 + t6x3

)
Ci

+
(
t2x+ 2t4x2 + t6x3

)
C−1 +

(
t2x+ t4x2 + t6x3

)
C−i

and its character table is

CZ/4Z =


1 1 1 1
1 i −1 −i
1 −1 1 −1
1 −i −1 i


so by the previous result the mixed Hodge structure of X4,r :=

(
(P1

C)
4
)r
/ (Z/4Z) is

given by

µX4,r (t, x) =
1

4
(
(
1 + 4t2x+ 6t4x2 + 4t6x3 + t8x4

)r
+ 2

(
1 + t8x4

)r
+
(
1 + 2t4x2 + t8x4

)r
).

Example 7.1.8. Let X = GL (2,C), similarly to the previous example we in-
tend to use the results in example 5.2.6 to obtain the mixed Hodge polynomials of
SymkXr, for k = 2, 3.

(i) k = 2
For this case, we obtained

µS2

X2 (t, x) =
(
1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + t8x6

)
T

+
(
tx+ t2x2 + t3x2 + 2t4x3 + t5x4 + t6x4 + t7x5

)
S.

The character table of S2 is

(
1 1
1 −1

)
, so by Corollary 7.1.6

µSym2Xr (t, x) =
1

2
(
(
1 + 2tx+ t2x2 + 2t3x2 + 4t4x3 + 2t5x4 + t6x4 + 2t7x5 + t8x6

)r
+
(
1− t2x2 − t6x4 + t8x6

)r
).

(ii) k = 3
For this case, we obtained

µS3

X3 (t, x) =
(
1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + 2t8x6 + t9x7 + t11x8 + t12x9

)
T +(

t2x2 + t3x3 + t4x3 + 2t5x4 + t6
(
x4 + x5

)
+ 2t7x5 + t8x6 + t9x6 + t10x7

)
S

+(tx+ t2x2 + t3x2 + 3t4x3 + 3t5x4 + t6
(
x4 + x5

)
+ 3t7x5

+3t8x6 + t9x7 + t10x7 + t11x8)St.

The character table of S3 is

 1 1 1
1 −1 1
2 0 −1

, so taking

p1 (t, x) = (1 + 3tx+ 3t2x2 + t3
(
3x2 + x3

)
+ 9t4x3 + 9t5x4 + 3t6

(
x4 + x5

)
+ 9t7x5

+9t8x6 + t9
(
x6 + 3x7

)
+ 3t10x7 + 3t11x8 + t12x9)r
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p2 (t, x) = (1 + tx− t2x2 + t3
(
x2 − x3

)
+ t4x3 − t5x4 − t6

(
x4 + x5

)
− t7x5 + t8x6

+t9
(
x7 − x6

)
− t10x7 + t11x8 + t12x9)r

p3 (t, x) =
(
1 + t3x3 + t9x6 + t12x9

)r
we obtain by Corollary 7.1.6

µSym3Xr (t, x) =
1

6
p1 (t, x)r +

1

2
p2 (t, x)r +

1

3
p3 (t, x)r .

7.2. Symmetric products of linear algebraic groups

Theorem 7.1.5 can be used to give an alternate proof of Theorem 6.2.2. This is
the result giving the mixed Hodge polynomial of the character varietyMrGL (n,C),
considered in the previous chapter. Moreover, the comparison between this new
strategy with the previous one can be used to calculate the MHP of the symmetric
product of complex connected linear algebraic groups. This result is the purpose of
this section, that ends this thesis.

The idea is to use that the cohomology of each linear algebraic group behaves
as ’products’ of ’differently weighted’ cohomology rings as the one of C∗. This
description is particularly inspired by the form of the mixed Hodge polynomial of a
complex connected linear algebraic group, that we have seen in Proposition 2.1.9 to
be of the form

µG (t, x) =
m∏
i=1

(
1 + t2i−1xi

)ri
for certain ri ∈ N0. Indeed, the form of this polynomial is a consequence of [De3,
Theorem 9.1.5], a result describing the cohomology ring of connected linear algebraic
groups.

In order to convey our idea in a simple setting, let us appeal to the case SymrGL (2,C)
for r = 2 and 3. For this group, the cases Sym2GL (2,C) and Sym3GL (2,C) were
already obtained in Example 7.1.8. In there, we used the description of the equi-
variant rings H∗ (Xn,C)Sn for n = 2, 3, obtained in Example 5.2.6 - a task that can
be quite tedious. The GL (2,C) case is particularly suggestive, as its mixed Hodge
polynomial is

µGL(2,C) (t, x) = (1 + tx)
(
1 + t3x2

)
as was seen in Example 3.1.5. From this description we obtain that the cohomology
ring for the cup product is generated by two forms: one in degree and weight 1, that
we will denote by ω1, and other in degree 3 and weight 2, that we will denote by
ω2. Let also ωji be the form ωi corresponding to the factor j of G2. Then by the

Künneth isomorphism, H∗
(
GL (2,C)2 ,C

)
is generated by exterior powers of ωj1 and

ωj2 and possible tensor products between those. Moreover, in the space generated

for the cup product by
{
ωji
}2

j=1
, Sn acts naturally. Noticing this action coincides

with the one induced in H∗ ((C∗)n ,C) by the natural Sn action on (C∗)n, we can
re-state this by using the equivariant polynomials as

µSnGn (t, x) = µSn(C∗)n (t, x) � µSn(C∗)n
(
t3, x2

)
.

In fact, a formula similar to this one applies for any complex connected linear alge-
braic group.
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Theorem 7.2.1. Let G be a complex connected linear algebraic group whose
mixed Hodge polynomial is µG (t, x) =

∏m
i=1 (1 + t2i−1xi)

ri. Then the equivariant
polynomial for the natural Sn action on Gn is given by

µSnGn (t, x) =
m⊗
i=1

µSn(C∗)n
(
t2i−1, xi

)ri ,
where the equivariant mixed Hodge polynomial µSn(C∗)n (t, x) on the right is the one

related to the natural permutation action of Sn on (C∗)n.

Proof. LetG be a complex connected linear algebraic group with MHP µG (t, x) =∏m
i=1 (1 + t2i−1xi)

ri . In Proposition 2.1.9, we showed that such a group its mixed
Hodge components can be recovered by the isomorphism

H∗,∗,∗ (G,C) ∼=
m⊗
i=1

∧
〈ωi,1, · · · , ωi,ri〉C

where on the right hand side we are admitting the only multi-grading compatible
with both the exterior and tensor products obtained by assigning (2i− 1, i, i) to
each ωi,l. Then, applying the Künneth isomorphism

H∗,∗,∗ (Gn,C) ∼=

[
m⊗
i=1

∧
〈ωi,1, · · · , ωi,ri〉C

]�n

∼=
n⊗
j=1

m⊗
i=1

∧〈
ωji,1, · · · , ω

j
i,ri

〉
C

∼=
m⊗
i=1

n⊗
j=1

∧〈
ωji,1, · · · , ω

j
i,ri

〉
C

where wji,l is the form corresponding to ωi.l in the factor j of Gn. In Proposition 2.1.9,

we saw that
⊗n

j=1

∧〈
ωji,1, · · · , ω

j
i,ri

〉
C andH∗ (((C∗)ri)n ,C) ∼=

⊗n
j=1

∧〈
θj1, · · · , θjri

〉
C

are isomorphic vector spaces, for instance by identifying ωji,l 7→ θjl . We also saw that

if we assign multi-degree (2i− 1, i, i) to the forms θji , that originally have degree
(1, 1, 1), this is an isomorphism of multi-graded algebras. Moreover, the action of
Sn on

⊗n
j=1

∧〈
ωji,1, · · · , ω

j
i,ri

〉
C coincides with the action Sn y H∗ (((C∗)ri)n ,C) ∼=⊗n

j=1

∧〈
θj1, · · · , θjri

〉
C under this identification. Therefore the result follows. �

Coming back to our motivating example GL (2,C), by applying Theorem 7.1.5
we have the equality

µSym2GL(2,C) (t, x) =
1

2

p(2)∑
l=1

|[cl]| gl (t, x)× gl
(
t3, x2

)
(7.2.1)

where gl (t, x) = c1,la1 (t, x)+· · ·+ck,lak (t, x), for ai (t, x) the coefficients of µSn(C∗)n (t, x)

written in the irreducible basis and p (2) the number of partitions of 2. To obtain a
more general formula not depending on the character table, the idea is to prove

(c1,la1 (t, x) + · · ·+ ck,lak (t, x)) = det (I + al) ,

i.e., that these polynomials coincide with those provided by Theorem 5.2.3. If this
is true, then one can use the general formula for the polynomials det (I + al) of the
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GL (n,C) case, that were obtained in 6.2.2. For a general action, this equality does
not have to be true, but for this specific case it is.

We will start by describing µSn(C∗)n (t, x). This is not difficult, since the induced

action Gy H∗ ((C∗)n ,C) is particularly simple.

Lemma 7.2.2. The equivariant mixed Hodge polynomial related to the natural Sn
permutation action on (C∗)n is given by:

µSn(C∗)n (t, x) =
n−1∑
k=0

k∧
St
(

(tx)k + (tx)k+1
)
.

Proof. Denoting the induced action Sn y H1 ((C∗)n ,C) on the first cohomol-
ogy group by ρSn , we recall that in the proof of Theorem 5.2.3 we obtain:

µSn(C∗)n (t, x) =
n−1∑
k=0

k∧
ρSn (tx)k .

Since Sn y H1 ((C∗)n ,C) = Cn is the permutation action, we have ρSn = St + T,
for St the standard and T the trivial representations. Replacing above

µSn(C∗)n (t, x) =
n−1∑
k=0

k∧
[St + T] (tx)k

=
n−1∑
k=0

[
k∧

St +
k−1∧

St

]
(tx)k

=
n−1∑
k=0

k∧
St
(

(tx)k + (tx)k+1
)

so the result follows. �

The equivariant polynomial we obtain in this Lemma is written in the irreducible
basis, the one required to apply Theorem 7.1.5. This tells us

µ(C∗)n/Sn (t, x) =
1

n!

p(n)∑
l=1

|[cl]|

(
n−1∑
k=0

[
χ∧k St ([cl])

(
(tx)k + (tx)k+1

)])
.

Our purpose is to show

Lemma 7.2.3. Let ρSn = St + T, for St and T the standard and trivial represen-
tations of Sn, respectively. One has the equality:

n−1∑
k=0

[
χ∧k St ([cl])

(
(tx)k + (tx)k+1

)]
= det (I + txρSn ([cl])) .

Proof. The result follows from applying the equality presented in [JPSer, page
69, exercise 9.3], that had already been considered in the proof of Theorem 5.1.4.
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This gives us

det (I + txρSn ([cl])) =
∞∑
k=0

χ∧k ρSn ([cl]) (tx)k

=
∞∑
k=0

[
χ∧k St + χ∧k−1 St

]
([cl]) (tx)k

=
n−1∑
k=0

[
χ∧k St ([cl])

(
(tx)k + (tx)k+1

)]
as we wanted. �

With this equality, we now have three descriptions of the mixed Hodge polyno-
mial µSymn

G
(t, x). The first is the one using the entrances of the character table of

Sn, the description providing formula 7.2.1 for the case GL (2,C). This is obtained
applying Theorem 7.1.5 to the equivariant polynomial described by Theorem 7.2.1
and Lemma 7.2.2. This last lemma says that this description has a similarity with
the description for the case Symn (C∗). These similarities allows us to obtain similar
results for any complex connected linear algebraic group, that we now state.

Theorem 7.2.4. Let G be a complex connected linear algebraic group whose
mixed Hodge polynomial is µG (t, x) =

∏m
i=1 (1 + t2i−1xi)

ri. Then, denoting by ρSn :=
St + T the natural permutation action of Sn on Cn , we have

µSymn
G

(t, x) =
∑
n∈Pn

n∏
j=1

1

aj! jaj

m∏
i=1

det
(
I + t2i−1xiρSn (n)

)ri .
Alternatively, using the description of det (I + txρSn (n)) provided by Theorem 6.2.2

µSymn
G

(t, x) =
∑
n∈Pn

n∏
j=1

1

aj! jaj

m∏
i=1

pn
(
t2i−1, xi

)ri
where for the partition n = [1a1 , · · · , nan ], one has pn (t, x) =

∏n
j=1

(
1− (−tx)j

)aj
.

Proof. Theorem 7.2.1 tells us the corresponding equivariant polynomial is given
by

µSnGn (t, x) =
m⊗
i=1

µSn(C∗)n
(
t2i−1, xi

)ri .
Then by applying Theorem 7.1.5, one gets

µSymn
G

(t, x) =
1

n!

p(n)∑
l=1

|[cl]|
m∏
i=1

pl
(
t2i−1, xi

)ri
where pl = (c1,la1 (t, x) + · · ·+ ck,lak (t, x)), for ai (t, x) the coefficients of µSn(C∗)n (t, x).

Then the result follows from applying Lemma 7.2.3 together with the description of
det (I + txρSn (n)) provided by Theorem 6.2.2. �

Remark 7.2.5. There are several remarks to be made about this result:

(1) The groups considered in the previous chapter, complex reductive algebraic
groups, are a subclass of linear algebraic groups. For this reason, this result
also applies for that important class of groups.
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(2) The cohomology ring of a connected linear algebraic group G coincides
with a product of Cm\ {0}, by the Künneth isomorphism and Proposition
2.1.9. For this reason, the formula above also calculates the mixed Hodge
polynomial of the symmetric product of arbitrary products of punctured
complex vector spaces.

(3) Using the terminology of this Theorem, the case of the free abelian character
varietyMrGL (n,C) ∼=(C∗)nr /Sn is given by takingm = 1 and r1 = r. This
way we obtain an alternative proof of Theorem 6.2.2.

Example 7.2.6. As a first application of Theorem 7.2.4, we will consider the
case G = GL (2,C). Applying this Theorem to the general case SymnG gives:

µSymn
G

(t, x) =
∑
n∈Pn

n∏
j=1

1

aj! jaj

m∏
i=1

pn
(
t2i−1, xi

)ri .(7.2.2)

for pn (t, x) =
∏n

j=1

(
1− (−tx)j

)aj
. Fixing n = 2, one gets

µSym2
G

(t, x) =
1

2

[
(1 + tx)2 (1 + t3x2

)2
+
(
1− t2x2

) (
1− t6x4

)]
=

1

2

[
2 + 2tx+ 2t3x2 + 4t4x3 + 2t5x4 + 2t7x5 + 2t8x6

]
= 1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + t8x6.

For n = 3, formula 7.2.2 reads

µSym3
G

(t, x) =
1

6

[
(1 + tx)

(
1 + t3x2

)]3
+

1

2

[
(1 + tx)

(
1 + t3x2

) (
1− t2x2

) (
1− t6x4

)]
+

1

3

[(
1 + t3x3

) (
1 + t9x6

)]
= 1 + tx+ t3x2 + 2t4x3 + t5x4 + t7x5 + 2t8x6 + t9x7 + t11x8 + t12x9.

Notice that this formulas coincide, respectively, with (i) and (ii) of Example 7.1.8
for r = 1. In this example, these formulas were obtained by an explicit calculation
of the invariant part of the cohomology, so they give an alternative confirmation of
this result.
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Results and conclusions

General results

As previously mentioned, the central problem behind this thesis is to calculate
the mixed Hodge structure of the free abelian character varieties Mr (GL (n,C)).
This objective was attained and allowed a description suited for computer appli-
cations that applies for any r and n. Also, since the Poincaré polynomial is a
specification of the mixed Hodge polynomial, it provides us with a formula for the
Euler characteristic. To state this result, we will denote by n = [1a12a2 · · ·nan ] ∈ Pn
the partition of n that has ai parts of size i (so

∑
i aii = n).

Theorem. Let G = GL(n,C), the mixed Hodge polynomial for the usual coho-
mology of MrG is given by

µMrG (t, x) =
∑
n∈Pn

n∏
j=1

(
1− (−tx)j

)ajr
aj! jaj

,

and for the compactly supported

µcMrG (t, x) = (−t)nr
∑
n∈Pn

n∏
j=1

(
(−tx)j − 1

)ajr
aj! jaj

where we used the notation n = [1a12a2 · · ·nan ] as above. Also, χMrG = χcMrG
=

0.

The case G = SL (n,C) is also obtained in the previous generality, through a
suitable comparison with this one.

Theorem. Using the notations above, for r ∈ N and G = SL(n,C) we have

µMrG (t, x) =
1

(1 + tx)r
∑
n∈Pn

n∏
j=1

(
1− (−tx)j

)ajr
aj! jaj

The compactly supported version is then

µcMrG (t, x) =
(−t)nr

(t+ t2x)r
∑
n∈Pn

n∏
j=1

(
(−tx)j − 1

)ajr
aj! jaj

.

Also, χMrG = χcMrG
= nr−1.

A slight change on the strategy for GL (n,C) can also be applied to describe the
case G = Sp (n,C). For this, we need a close relation to that of partition of n: a
bi-partition of n is given by a pair (k, l) of partitions of numbers that sum up to n,
k + l = n.
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Theorem. Let G = Sp(n,C), n, r ≥ 1. Then:

µMrG (t, x) =
∑

(k,l)∈Bn

1

2|m+k|δ(k)δ(l)

(
k∏
i=1

(1− (−tx)i)ai
l∏

j=1

(1 + (−tx)j)bj

)r

and

µcMrG (t, x) = (−t)nr
∑

(k,l)∈Bn

1

2|m+k|δ(k)δ(l)

(
k∏
i=1

((−tx)i − 1)ai
l∏

j=1

((−tx)j + 1)bj

)r

and

χMrG = χcMrG =
∑
n∈Pn

2(r−1).|n|

δ (n)

where we used the notation k = [1a12a2 · · · kak ], l = [1b12b2 · · · lbl ], |n| for the number
of parts and δ(k), n are as in the previous result.

Underlying these results is a description of the mixed Hodge polynomial of the
quotient of the diagonal action induced by the natural one of the Weyl group on
the maximal torus, T rG/WG of the reductive group in question. This description also
applies to give the mixed Hodge polynomial of the irreducible component of the
identity of the free abelian character varieties for which the algebraic description

M0
rG

∼= T rG/WG

applies.

Theorem. Let G be a complex reductive algebraic group, such that M0
rG
∼=

T rG/WG . Then, M0
rG is round and

µM0
rG

(t, x) =
1

|W |
∑
g∈W

[det (I + txAg)]
r ,(7.2.3)

where Ag is the automorphism of H1(T,C) induced by the action of g ∈ W .

Finally, this thesis finishes by an approach mixing this strategy with some simple
considerations of representation theory, to obtain the mixed Hodge polynomials of
complex connected linear algebraic groups. For a general linear algebraic group G,
this is given by the following description.

Theorem. Let G be a complex connected linear algebraic group whose mixed
Hodge polynomial is µG (t, x) =

∏m
i=1 (1 + t2i−1xi)

ri. Then the mixed Hodge polyno-
mial of SymnG is given by

µSymn
G

(t, x) =
∑
n∈Pn

n∏
j=1

1

aj! jaj

m∏
i=1

pn
(
t2i−1, xi

)ri
where for the partition n = [1a1 , · · · , nan ], one has pn (t, x) =

∏n
j=1

(
1− (−tx)j

)aj
.

Some particular results

We now intend to capture some consequences of the general results above. Firstly,
we would like to present some particular results of the Hodge-Deligne polynomials
obtained for the free abelian character varieties of G = GL (n,C), SL (n,C) or
Sp (n,C). As mentioned in this chapter, the Poincaré, E and mixed Hodge polyno-
mials for the usual or compactly supported cohomology are all related, so we choose
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to present this results for the E polynomial of the compactly supported cohomology,
due to its connections to arithmetic (see Katz’s Theorem 2.2.14).

Hodge-Deligne polynomials ofMrSL (n,C), for n = 3, 4 and 5. In here we
will present the E-polynomials for the compactly supported cohomology ofMrSL (n,C),
for n = 3, 4 and 5. We notice that for n = 2, the E-polynomial for the compactly
supported cohomology was previosuly obtained in [LMu]. The E-polynomial for
the compactly supported cohomology of MrSL (n,C) is given by

Ec
MrSL(n,C)(x) =

1

(x− 1)r

∑
n∈Pn

cn
n!

|n|∏
j=1

(xnj − 1)r =
∑
n∈Pn

cn
n!
pn(x)r,

as is shown in Corollary 6.2.6. Underneath we present a table for cn/n! and pn(x)
for small values of n:

n |Pn| n cn/n! pn(x)

2 2 2; 12 1
2
; 1

2
x+ 1;x− 1

3 3
3;

1 2; 13

1
3
;

1
2
; 1

6

x2 + x+ 1

x2 − 1; (x− 1)2

4 5
4;

1 3; 22;
12 2; 14

1
4
;

1
3
; 1

4
;

1
8
; 1

24

x3 + x2 + x+ 1;

x3 − 1; (x− 1) (x+ 1)2 ;

(x− 1)2 (x+ 1) ; (x− 1)3

5 7
5; 4 1;

3 12; 3 2;
22 1; 2 13; 15

1
5
; 1

4
;

1
6
; 1

6
;

1
8
; 1

12
; 1

120

x5−1
x−1

; x4 − 1;
(x3 − 1) (x− 1) ; (x3 − 1) (x+ 1) ;

(x2 − 1)
2

; (x+ 1) (x− 1)3 ; (x− 1)4

So, as an example for n = 4 this provides the formula:

Ec
MrSL(n,C)(x) =

1

4

(
x3 + x2 + x+ 1

)r
+

1

3

(
x3 − 1

)r
+

1

4
(x− 1)r (x+ 1)2r

+
1

8
(x− 1)2r (x+ 1)r +

1

24
(x− 1)3r .

We also notice that these can be transformed in the Poincaré or mixed Hodge
polynomial of the compactly supported cohomology by the changes of variable x 7→
−t and x 7→ −tx, respectively.

Recalling that the cases ofMrSL (n,C) andMrGL (n,C) are connected through
Lemma 6.2.4 giving:

Ec
MrGL(n,C) (x) = (x− 1)r Ec

MrSL(n,C) (x) ,

this can also be used to deduce the Hodge-Deligne and Poincaré polynomials of
MrGL (n,C), so we should also recall that the Poincaré polynomial in this explicit
form had already been obtained for n = 2, 3 and 4 in [St].

The MHP of MrSp (n,C), for n = 2, 3 and 4. In this section, we tabu-
late the E-polynomials of MrSp (n,C) for n = 2, 3 and 4. To recall some nota-
tions, for a bi-partition (k, l) =

(
[1a12a2 · · · kak ] ,

[
1b12b2 · · · lbl

])
we write k + l =

[1a1+b1 · · ·nan+bn ], where ai = 0 for i > k and similarly for bj. We also define
|n| =

∑n
j=1 cj for n = [1c1 · · ·ncn ]. With these notations, we now present tables

of the Ec-polynomial of the symplectic character variety MrSp(n,C) for n = 2, 3
and n = 4. We list bi-partitions, the coefficients |k + l|, δ(k)δ(l), the denominators
ε(k, l) := 2|k+l|δ(k)δ(l) = ε(l, k), and the polynomials p(k,l)(x) (actually, in the case
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n = 2 we will ommit the intermediary |k+l| and δ(k)δ(l)), so that the Ec-polynomial
is easily obtained as:

Ec
MrG (x) =

∑
(k,l)∈Bn

1

ε(k, l)
p(k,l)(x)r.

k + l (k, l) ∈ B2 |k + l| δ(k)δ(l) ε(k, l) p(k,l)(x)

2 + 0 ([12] , ∅); ([2] , ∅) 2; 1 2; 2 8; 4 (x− 1)2; x2 − 1
1 + 1 ([1] , [1]); 2 1 4 x2 − 1

0 + 2 (∅, [12]); (∅, [2]) 2; 1 2; 2 8; 4 (x+ 1)2; x2 + 1

k + l (k, l) ∈ B3 |k + l| δ(k)δ(l) ε(k, l) p(k,l)(x)

3 + 0
([3], ∅)
([12], ∅)
([13], ∅)

1
2
3

3
2
6

6
8
48

x3 − 1
(x− 1)(x2 − 1)

(x− 1)3

2 + 1
([2], [1])
([12], [1])

2
3

2
2

8
16

(x2 − 1)(x+ 1)
(x− 1)2(x+ 1)

1 + 2
([1], [2])
([1], [12])

2
3

2
2

8
16

(x− 1)(x2 + 1)
(x− 1)(x+ 1)2

0 + 3
(∅, [3])
(∅, [12])
(∅, [13])

1
2
3

3
2
6

6
8
48

x3 + 1
(x+ 1)(x2 + 1)

(x+ 1)3

Note the symmetry, that comes from Corollary 6.4.7: p(l,k)(x) can be obtained
from p(k,l)(x) by changing all the ‘−’ signs to ‘+’ signs and vice-versa. As such, the
next table for n = 4, only shows bi-partitions (k, l) with k ≥ l.

k + l (k, l) ∈ B4 |k + l| δ(k)δ(l) ε(k, l) p(k,l)(x)

4 + 0

([4], ∅)
([13], ∅)
([22], ∅)
([122], ∅)
([14], ∅)

1
2
2
3
4

4
3
8
4
24

8
12
32
32
384

x4 − 1
(x− 1)(x3 − 1)

(x2 − 1)
2

(x− 1)2 (x2 − 1)

(x− 1)4

3 + 1
([3], [1])
([12], [1])
([13], [1])

2
3
4

3
2
6

12
16
96

(x3 − 1) (x+ 1)
(x− 1) (x2 − 1) (x+ 1)

(x− 1)3 (x+ 1)

2 + 2

([2], [2])
([12], [2])
([2], [12])
([12], [12])

2
3
3
4

4
4
4
4

16
32
32
64

(x2 − 1) (x2 + 1)
(x− 1)2(x2 + 1)

(x2 − 1) (x+ 1)2

(x− 1)2 (x+ 1)2

Future work

There are natural questions concerning these problems still to answer. The
quotient T rG/WG provides a complete description of the abelian character varieties
for the reductive Lie groups G = GL (n,C) , SL (n,C) and Sp (n,C). This quotient
for other groups describes the irreducible component of the identity, so one could
try to achieve for those groups results such as the ones above. On the other hand,
as Theorem 5.2.3 suggests, our study can be used for other interesting cases. As an
example, we refer to the recently obtained Theorem 7.2.4, where a description of the
mixed Hodge polynomial for connected linear algebraic groups is obtained.
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Lately I have been interested in the connections to arithmetic given by the Weil
conjectures. All these results above provide a ’cohomological picture’ in complex
geometry, so one could wonder what is the equivalent statement in the geometry
over finite fields. The complex varieties T rG/WG

∼= (C∗)n /WG are, at least for
the Weyl groups of G = GL (n,C), SL (n,C) or Sp (n,C), the complexification
of (Q∗)n /WG, and therefore

(
F∗pr
)n
/WG is a reduction mod p of these varieties.

These facts combined with the Katz theorem and the results mentioned above, seems
to be sufficient to characterize the cardinalities of

(
F∗pr
)n
/WG.

Finally, me and my advisor have been considering some other types of products
similar to the symmetric, where we think a formula as the one of Cheah’s is ob-
tainable. This problem, in conjunction with the result obtained for the symmetric
products of linear algebraic groups, is intended to be published in a future work.
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APPENDIX A

Hypercohomology

Consider C an abelian category with enough injectives. If Γ is a left-exact functor
to some other abelian category, one can obtain a cohomology theory by considering
its derived functors. Those are characterized by the following result:

Theorem A.0.1. Let C, C ′ be two abelian categories and Γ : C → C ′ a left-exact
functor between them. Then if C has enough injectives for every object M of C there
are objects RiΓ (M) in C ′, perfectly determined up to isomorphism, satisfying

(1) R0Γ (M) = Γ (M);
(2) for every s.e.s. in C

0 // A // B // C // 0

there is a long exact sequence in C ′

0 // Γ (A) // Γ (B) // Γ (C) // R1Γ (A) // R1Γ (B) // R1Γ (C) // . . . ;

(3) for every injective object I of C, we have RiΓ (M) = 0, for all i > 0.

Proof. See [Voi, Theorem 4.28]. �

In our setting, C will usually be the category of sheaves of functions over a
complex algebraic variety and Γ the functor of global sections. In this instance, the
derived functors of a sheaf γ will be the cohomology of X with values in γ. When
one takes γ = C, one recovers the usual cohomology of X - in the sense that the
derived functors are isomorphic to the cohomological de Rham groups.

In a general setting, derived functors of a given object M in C can be obtained
by considering any acyclic resolution of M (that always exist, since C has enough
injectives) and associating to it the cohomology of its image by Γ. In a sense,
hypercohomology can be considered as a generalization of this construction to left-
bounded complexes. By this we mean complexes for which there is an integer k such
that Mk−l = 0 for all l ∈ N

. . . // 0 // Mk−1 = 0 // Mk // Mk+1 // . . .

that we shall denote byM∗. The following result clarifies that something“as injective
resolutions” can be obtained for M∗

Lemma A.0.2. Let C be an abelian category with enough injectives and M∗ a left-
bounded complex on it. Then there exists a double complex of injective objects I∗,∗

such that each Ik,∗ is an injective resolution of Mk. Moreover, taking I∗ as the total
complex associated to I∗,∗, there is a quasi-isomorphism of complexes φ∗ : M∗ → I∗,
such that every φk is an injective map.

This lemma allows us to define derived functors for complexes:

Definition A.0.3. Let C be an abelian category with enough injectives and
Γ : C → C ′ a left-exact functor to some other abelian category C ′. Let M∗ be a
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left-bounded complex in C and I∗, φ∗ the complex of injective objects and quasi-
isomorphism provided by the previous lemma. Then we define the derived functors
of Γ for M∗ as:

RiΓ (M∗) := H i (Γ (I∗)) .

If C is the category of sheaves over some topological space X and Γ is the functor
of global sections, these objects are denoted by Hyperchomology of X with values in
M∗ and denoted:

H (X,M∗) := RiΓ (M∗) .

One can identify any object A of C with the complex that is A at level 0 and
otherwise zero, A∗

. . . // 0 // A // 0 // . . .

With this identification, the derived functors RiΓ (A∗) coincide with the derived
functors RiΓ (A) - this is so because one can take for I∗ in A.0.2 a injective resolution
of A. This further motivates the use of the same terminology and notation as
for derived functors of objects of C. One should also add that this construction
is independent, up to isomorphism, on the chosen resolution of M∗. In another
similarity with derived functors, the injective requirement on the objects I∗,∗ and
the map φ∗ can be relaxed

Proposition A.0.4. Let Γ : C → C ′ be a left-exact functor between abelian
categories, C having enough injectives. Then, if M∗ is a left-bounded complex on
C and α∗ : M∗ → N∗ is a quasi-isomorphism, N∗ being a left-bounded complex of
Γ-acyclic objects, α∗ induces an isomorphism

RiΓ (M∗) ' H i (Γ (N∗)) .

Proof. See [Voi, Proposition 8.12]. �

Let us finish this appendix by providing an example on a familiar setting. Let
X a complex manifold and C the sheaf of locally constant complex functions on
it. Consider also the holomorphic de Rham complex, C → Ω∗X . The left-bounded
complex Ω∗X and the associated de Rham resolution satisfy the conditions of this
property, and we get:

Hk (X,C) ' Hk (X,Ω∗X) .
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APPENDIX B

Spectral Sequences

In this appendix we intend to do a small review on spectral sequences, by col-
lecting the necessary results for this thesis. We will follow the approach in [Botu],
studying spectral sequences associated to decreasing filtrations on complexes, namely
the naive filtration on simple complexes and, given a double complex K∗,∗ the usual
filtration given by

F pK∗,∗ =
⊕
k≥p

Kk,∗.

Generally, a (cohomology) spectral sequence can be given by a sequence of spaces
and differentials {Er, dr} s.t. each Er+1 can be obtained as the dr-cohomology of Er -
the spaces Er determining the nature of the spectral sequence. For instance, it will be
important in this thesis that the Leray-Serre spectral sequence of certain filtrations
is not only a spectral sequence of vector spaces but also of mixed Hodge structures.
Those spectral sequences we will be interested in can always be obtained from exact
couples. Consider for instance that {K∗, dK} is a simple complex, and FpK

∗ a
descending filtration on it. One can codify this in a exact couple by considering the
associated graded complex to the filtration F :

B∗ :=
⊕
p

FpK
∗/Fp+1K

∗

and A∗ :=
⊕

p FpK
∗. Those fit a short exact sequence

0 // A∗
i // A∗

j // B∗ // 0

where i|Fp+1K∗ : Fp+1K
∗ ↪→ FpK

∗ is the inclusion and j|FpK∗ : FpK
∗ → FpK

∗/Fp+1K
∗

is the quotient map. Associated to this one has a long exact sequence in cohomology

. . . // Hk (A∗)
i // Hk (A∗)

j // Hk (B∗)
k // Hk+1 (A∗) // . . .

that can also be depicted as an exact couple

H (A)
i // H (A)

j

��
H (B)

k

\\
.

From this one associates a spectral sequence by considering the derived couples
of this one. By the derived exact couple we understand a new exact couple of the
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form

A1
i′ // A1

j′

��
B1

k′

YY

where A1 = im (i) and B1 = Hd (B) = Ker d
Imd

, where d1 = j ◦ k. This is indeed an
exact couple, and the map d1 is a differential. Then the sequence {Bl, dl}, obtained
by further obtaining the derived couples, is the Spectral Sequence Associated to the
Filtration F∗.

In the case the filtration F∗ is graded-wise finite, meaning for each l ∈ N there is a
p such thatK l

p := K l
⋂
FpK

∗ = 0, the sequence Bl eventually stabilizes, Bl = Bl+1 =
· · · . In this case we denote the space it converges to by B∞ = Bl = Bl+1 = · · · and
say the Spectral Sequence {Bl, dl} Abouts to B∞ = Bl.

Theorem B.0.1. Let

{
K∗ =

⊕
n

Kn, d

}
be a graded complex and

K∗ ⊇ F1K
∗ ⊇ F2K

∗ ⊇ ...

a descending filtration. If the associated descending chains
{
Kn
p

}
are all finite,

then the associated spectral sequence {Bl, dl} stabilizes to the associated graded com-
plex of the filtration

Hd(K) ⊇ F1 ⊇ F2 ⊇ ...

where Fl = ilH(FlK
∗). Moreover,

Bn
∞ =

⊕
p

F n
p /F

n
p+1.

Proof. See [Botu, Theorem 14.6], not only the statement but also the proof.
�

Assume now that we have a double complex

{
K∗,∗ =

⊕
p,q

Kp,q, δ, d

}
and we con-

sider the filtration

F pK∗,∗ =
⊕
k≥p

Kk,∗.

This induces a graded-wise finite descending filtration on the associated total com-
plex K∗, and one obtains a spectral sequence El by reproducing the recipe for the
simple graded case. In this case, the bi-grading of K∗,∗ descends naturally to the
spaces El and one gets the following characterization of those spaces:

Theorem B.0.2. Let

{
K =

⊕
p,q

Kp,q, δ, d

}
be a double complex and {Er, dr} the

spectral sequence associated to the filtration F∗. This sequence abouts to HD, the
total cohomology, with filtration F∗. Also, an element b ∈ Kp,q gives a class in Er,
denoted [b]r, iff b can be completed into a zig-zag b+ c1 + ...+ cr−1 of length r. Also,
the bigrading of K∗,∗ descends naturally into the pages Er, the differential dr in Ep,q

r ,
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for r ≥ 2, takes the form

dr : Ep,q
r

// Ep+r,q−r+1
r

[b]r
� // [δcr−1]r

and Ep,q
r+1 is obtained as the cohomology of this map, that is

Ep,q
r+1 =

ker dr : Ep,q
r → Ep+r,q−r+1

r

Im dr : Ep−r,q+r−1
r → Ep,q

r

.

Furthermore
E1 ' Hd (K)

E2 ' HδHd (K)

and
Ep,q
∞ = FpH

p+q/Fp+1H
p+q.

Proof. See [Botu, Section 14, The Spectral Sequence of a Double Complex].
�
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[De3] P. Deligne, Théorie de Hodge III. Publ. Math. I.H.E.S. 44 (1974) 5-77.

[Del] P. Deligne, La conjecture de Weil. I, Publications Mathématiques de l’IHÉS 43 (1974)
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